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MODE CONVERSION OF PLASMA WAVES
A b s t r a c t
L in e a r  mode c o n v e rs io n  p rocesses  a re  much s tu d ie d  i n  plasma 
p h y s ic s  because they  d e te rm in e  th e  e f f i c i e n c y  o f  any r a d io  f re q u e n c y  
h e a t in g  scheme. Mode c o u p l in g  model e q u a t io n s ,  e x t r a c te d  w i t h  
v a r y in g  degrees o f  r i g o u r  from  th e  M a x w e l l - l i n e a r i s e d  k i n e t i c  
e q u a t io n s ,  a re  u s u a l l y  f o u r t h  o r  h ig h e r  o r d e r  O .D .E 's .  These a re  
s o lv e d  by c o m p l ic a te d  methods to  o b ta in  t r a n s m is s io n ,  c o n v e rs io n ,  
r e f l e c t i o n  and a b s o rp t io n  c o e f f i c i e n t s .  R e c e n t ly ,  Fuchs e t  a l  
and C a i rn s  and Lashm ore-D av ies  (C .L -D . )h a v e  p o s tu la te d  second o rd e r  
O .D .E 's  t o  d e s c r ib e  p a i r w is e  c o u p l in g  e v e n ts .  The second o rd e r  
t h e o r ie s  have rep roduced  r e s u l t s  p r e v io u s l y  o b ta in e d  by much more 
s o p h is t i c a t e d  t re a tm e n ts .
In  t h i s  t h e s i s ,  we f i r s t l y  examine th e  h y b r id  resonances i n  
a c o ld  plasma and show t h a t  th e y  have a mode c o n v e rs io n  i n t e r p r e t a t i o n  
i n  th e  fram ework o f  th e  C .L -D . m ode l.  The Budden t u n n e l l i n g  
c o e f f i c i e n t s  a re  re co v e re d  f o r  t h i s  case .
N e x t ,  mode c o n v e rs io n  between th e  f a s t  and s low  e le c t r o m a g n e t ic  
waves i n  the  lo w e r  h y b r id  f re q u e n c y  range i s  c o n s id e re d .  T h is  
phenomenon d e te rm in e s  th e  a c c e s s i b i l i t y  o f  th e  lo w e r  h y b r id  resonance 
t o  the  s low  wave, and i s  a ls o  o f  t h e o r e t i c a l  i n t e r e s t  because th e  
mode c o u p l in g  d i f f e r s  i n  c e r t a i n  a s p e c ts  from  cases p r e v io u s ly  
i n v e s t i g a t e d  by C .L -D . A second o rd e r  a p p ro x im a t io n  t o  th e  
d i s p e r s io n  r e l a t i o n  i s  used i n  th e  mode c o n v e rs io n  re g io n  le a d in g  
to  W eber 's  e q u a t io n  from  w h ich  t r a n s m is s io n  c o e f f i c i e n t s  a re  then
o b ta in e d  i n  v a r io u s  cases .
F i n a l l y ,  we p ro v id e  j u s t i f i c a t i o n  f o r  th e  use o f  W eber 's  
e q u a t io n .  The e x a c t  f o u r t h  o r d e r  system o f  O .D .E 's  f o r  th e  p rob lem  
i s  s e t  down, and a l i n e a r  t r a n s f o r m a t i o n ,  w h ich  i s  an e x te n s io n  o f  
t h a t  g iv e n  by Head ing , r e v e a ls  th e  second o rd e r  n a tu re  o f  th e  
c o u p l in g  p ro c e s s .
N um er ica l s o lu t i o n s  o f  th e  f o u r t h  o rd e r  system y i e l d  t r a n s m is s io n  
c o e f f i c i e n t s  i n  e x c e l l e n t  agreement w i t h  th e  second o rd e r  th e o r y ,  and 
a ls o  de m o n s tra te  t h a t  th e  e l e c t r i c  f i e l d  v a r i a t i o n  a c ro ss  th e  mode 
c o n v e rs io n  re g io n  i s  w e l l  a p p ro x im a te d ,  v i a  th e  above t r a n s f o r m a t io n ,  
by o u r  second o rd e r  t h e o r y .
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CHAPTER 1 
INTRODUCTION
1.1 Radio Frequency h e a t in g  i n  tokamak plasmas
A tokamak i s  a t o r o i d a l  d e v ic e  f o r  the  p r o d u c t io n ,  c o n f in e m e n t 
and h e a t in g  o f  p lasm a. The m ag n e t ic  f i e l d  r e q u i r e d  f o r  s t a b le  
co n f in e m e n t  has two components; a t o r o i d a l  f i e l d ,  w h ich  i s  p ro v id e d  
by e x t e r n a l  c o i l s ,  and a much weaker p o l o i d a l  f i e l d ,  w h ich  i s  
g e n e ra te d  by a t o r o i d a l  e l e c t r i c a l  c u r r e n t  f lo w in g  i n  th e  p lasm a.
T h is  c u r r e n t  i s  induced  by th e  a c t io n  o f  a t r a n s fo rm e r  and h ea ts  
th e  plasma by ohmic d i s s i p a t i o n .  On th e  JET tokamak, 3MA c u r r e n t  
p u ls e s  l a s t i n g  s e v e ra l  seconds have p roduced e le c t r o n  te m p e ra tu re s  
o f  1-3  keV ( B ic k e r t o n ,  198 4 ) .  However, ohmic h e a t in g  i s  le s s  
e f f i c i e n t  a t  h ig h  te m p e ra tu re s  due to  th e  T  ^ dependence o f  the  
plasma r e s i s t i v i t y  and th e  f a c t  t h a t  th e  c u r r e n t  i n  a g iv e n  d e v ic e  
i s  l i m i t e d  by g ross  s t a b i l i t y  c o n s id e r a t io n s .  S ince  th e  th r e s h o ld  
te m p e ra tu re  above w h ich  f u s io n  r e a c t io n s  can s e l f - h e a t  a d e u te r iu m -  
t r i t i u m  plasma i s  > 10 keV, some fo rm  o f  a u x i l i a r y  h e a t in g  i s  
n e c e s s a ry .
I n  r a d io  f re q u e n c y  ( R .F . )  h e a t in g  schemes, ( F i e l d i n g ,  1981 ),  
energy  i s  c a r r i e d  i n t o  th e  plasma by e le c t r o m a g n e t ic  waves. Once 
i n  th e  p lasm a, th e  waves p ro p a g a te ,  w i t h o u t  lo s s ,  t o  a l o c a l i s e d  
r e g io n  where th e y  a re  absorbed by one o f  s e v e ra l  mechanisms, thus  
t r a n s f e r r i n g  t h e i r  energy  to  th e  p a r t i c l e s .  A l l  R .F . schemes c o n s is t  
o f  th e  same g e n e ra l  l a y o u t  w h ich  o f f e r s  s e v e r a l  d e s i r a b le  f e a tu r e s ;  
nam ely , an e f f i c i e n t  h ig h  power g e n e r a to r  remote from  th e  p lasm a, a
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low  lo s s  t r a n s m is s io n  l i n e  and an e f f i c i e n t  antenna w h ich  c o u p le s  th e  
e le c t r o m a g n e t ic  energy  to  th e  p lasm a. A f u r t h e r  advantage o f  such 
schemes i s  t h a t  th e  l o c a t i o n  o f  th e  a b s o r p t io n  zone i s  e x t e r n a l l y  
c o n t r o l l a b l e .
The f l e x i b i l i t y  o f  R .F . h e a t in g  l i e s  i n  the  v a r i e t y  o f  wave modes
wh ich  can e x i s t  i n  a h o t ,  m agne t ised  p lasm a. Waves w i t h  phase
v e l o c i t i e s  w e l l  above p a r t i c l e  th e rm a l  v e l o c i t i e s  a re  a d e q u a te ly
d e s c r ib e d  by th e  c o ld  plasma a p p ro x im a t io n  (Boyd and Sanderson, 1969;
C a i r n s ,  1985) i n  w h ich  th e  plasma p re s s u re  i s  ze ro  and l i n e a r i s e d
f l u i d  e q u a t io n s  a re  cou p le d  to  M a x w e l l 's  e q u a t io n s  v ia  th e  L o re n tz
f o r c e .  However, f o r  c e r t a i n  v a lu e s  o f  plasma pa ram e te rs  th e  r e f r a c t i v e
in d e x  o f  one o f  th e  two fundam en ta l e le c t r o m a g n e t ic  modes becomes
i n f i n i t e .  In  th e  v i c i n i t y  o f  these  c o ld  plasma resonances , th e  wave
phase v e l o c i t y  d rops  to  th e rm a l  l e v e l s  and s t r o n g  i n t e r a c t i o n  between
wave and p a r t i c l e s  can o c c u r .  A f u l l e r  k i n e t i c  d e s c r i p t i o n  in v o k in g
th e  V la s o v -M a x w e l l  e q u a t io n s  ( S t i x ,  1962; Clemmow and D o u g h e rty ,  1969)
r e s o lv e s  th e  r e f r a c t i v e  in d e x  i n f i n i t i e s  i n t o  s h o r t  w ave leng th
p ro p a g a t in g  modes and a ls o  r e v e a ls  a p le t h o r a  o f  new waves which
p ro p a g a te  c lo s e  to  th e  io n  and e le c t r o n  c y c lo t r o n  f re q u e n c ie s  (SÎ. )1 , e
and t h e i r  ha rm on ics .  M oreove r,  th e  k i n e t i c  th e o ry  p r e d i c t s  c o l l i s i o n -  
le s s  damping o f  waves as a d i r e c t  r e s u l t  o f  t h e i r  i n t e r a c t i o n  w i t h  
th e  p a r t i c l e s .  T h is  damping i s  governed  by th e  resonance c o n d i t i o n
Ü) -  k „ v „ ^  -  nf2^  = 0 ; n = 0 , 1 , 2 , . . .  ( 1 . 1 )
where O) i s  the  wave f re q u e n c y ,  k „  th e  wave v e c to r  component a lo n g  th e  
e q u i l i b r i u m  m agne tic  f i e l d  d i r e c t i o n  and v , ,^ ,  a re  th e  p a r a l l e l
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s t re a m in g  v e l o c i t y  and c y c lo t r o n  f re q u e n c y  r e s p e c t i v e l y ,  o f  p a r t i c l e  
s p e c ie s  s .  In  ( 1 . 1 ) ,  n = 0 c o r re s p o n d s  to  Landau damping (Chen, 1984) 
w h ich  i s  im p o r ta n t  f o r  waves w i t h  nonzero  E„ p ro p a g a t in g  o b l i q u e l y  
to  th e  m agne t ic  f i e l d .  Energy i s  t r a n s f e r r e d  to  th e  p a r a l l e l  degrees 
o f  freedom by th e  E„ o f  th e  wave. On th e  o th e r  hand, n /  0 c o rre sp o n d s  
to  c y c lo t r o n  damping ( S t i x  1962 ).  In  t h i s  case , the  l e f t  o r  r i g h t  
c i r c u l a r l y  p o la r i s e d  e l e c t r i c  f i e l d  component o f  th e  wave r e s o n a n t ly  
d r i v e s  th e  p e rp e n d ic u la r  m o t io n  o f  th e  p a r t i c l e s  th e re b y  in c r e a s in g  
t h e i r  p e r p e n d ic u la r  e n e rg y .  The phenomena o f  Landau and c y c lo t r o n  
damping u n d e rp in  any R .F . h e a t in g  scheme s in c e  th e y  p r o v id e  the  
mechanisms by w h ich  energy  can be absorbed from  an i n c i d e n t  waves.
The fo u r  p r i n c i p l e  R .F . h e a t in g  schemes a re ,  i n  o rd e r  o f  
in c r e a s in g  f re q u e n c y ,  A l f v e n  wave h e a t in g ,  th e  io n  c y c lo t r o n  fre q u e n c y  
ran g e ,  ( IC R F ),  lo w e r  h y b r id  resonance h e a t in g  (LHRH) and e le c t r o n  
c y c lo t r o n  resonance h e a t in g  (ECRH). A l f v e n  wave h e a t in g ,  a t  f re q u e n c ie s  
o f  a few MHz, in v o lv e s  two main mechanisms. The f i r s t  i s  e x c i t a t i o n  
o f  a l o c a l i s e d  A l f v e n  wave a t  a p o i n t  where th e  l o c a l  A l f v e n  v e l o c i t y  
v^  i s  r e l a t e d  to  th e  f re q u e n c y  and p a r a l l e l  ( t o  th e  m agne t ic  f i e l d )  
wavenumber o f  th e  i n c i d e n t  wave by w = k „ v ^ .  The group v e l o c i t y  o f  
the  A l f v e n  wave i s  a lo n g  th e  f i e l d  so energy  canno t p rop a g a te  away 
a c ro ss  th e  f i e l d  l i n e s .  The r e s u l t  i s  t h a t  th e  wave i s  r e s o n a n t ly  
e x c i t e d  and energy i s  fed  i n t o  th e  plasma by i t s  damping. A t somewhat 
lo w e r  f r e q u e n c ie s  i t  i s  p o s s ib le  t o  e x c i t e  s o - c a l l e d  " g lo b a l  modes" 
w h ich  a re  eigenmodes o f  th e  t o r o i d a l  sys tem . A re v ie w  o f  th e  th e o ry  
has r e c e n t l y  been g iv e n  by A p p e r t  e t  a l  (1986) and o f  e x p e r im e n ta l  r e s u l t s  
by Behn e t  a l  (1 9 8 4 ) .
ICRF (Swanson, 1985b) u t i l i s e s  f r e q u e n c ie s  o f  25-100 MHz. 
C o rre sp o n d in g  vacuum w a v e le n g th s  a re  o f  th e  o rd e r  o f  s e v e r a l  m e tres ,  
r e q u i r i n g  th e  la unch  antenna t o  be wrapped around th e  p o lo id a l
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c i r c u m fe re n c e  o f  the  t o r u s .  The f a s t  m agne toson ic  wave, w h ich  i s  used
to  t r a n s p o r t  energy to  th e  a b s o r p t io n  r e g io n ,  i s  evanescen t a t  the
plasma edge. C onsequen t ly  the  an tenna  needs to  be a few c e n t im e t r e s
from th e  c u t o f f  d e n s i t y  f o r  e f f i c i e n t  c o u p l in g .  In  a s in g le  s p e c ie s
plasm a, th e  f a s t  wave i s  s t r o n g l y  absorbed a t  th e  h o t  plasma second
harm on ic  (co «  resonance by io n  c y c lo t r o n  damping. However, i f
two io n  s p e c ie s  (1 and 2 , w i t h  a re  p re s e n t ,  then  a c o ld
plasma resonance a ls o  o c c u rs  a t  th e  tw o - io n  h y b r id  f re q u e n c y  g iv e n
by w?. = (o)^ + 0)  ^ ) ,  where 0 .  > w . .  > ^ 3. On th e
^ 1 1  Pi ' Pz 2 Pi P2 11
h ig h  f i e l d  s id e  o f  t h i s  resonance , th e  f a s t  wave connec ts  sm oo th ly
o n to  th e  q u a s i - e l e c t r o s t a t i c  io n  B e r n s te in  wave (Swanson, 1976 ).
A f r a c t i o n  o f  th e  i n c id e n t  f a s t  wave energy  i s  t ra n s fo rm e d  to  s low
waves by mode c o n v e r s io n . T h is  p ro c e ss  i s  in h e r e n t  to  a l l  R .F .
schemes and w i l l  be d is c u s s e d  i n  d e t a i l  l a t e r .  I f  w . . i s  w e l l11
s e p a ra te d  from fHi, then  th e  B e r n s te in  waves can hea t th e  e le c t r o n s
by Landau damping; b u t  i f  th e  l i g h t e r  s p e c ie s  1 i s  p re s e n t  i n  s m a l l  
c o n c e n t r a t i o n ,  ~   ^ and th e  B e r n s te in  waves co u p le  d i r e c t l y  to
th e  m i n o r i t y  io n s  v i a  c y c lo t r o n  dam ping. Second harm on ic  and m in o r i t y  
s p e c ie s  h e a t in g  have a c h ie ve d  s i g n i f i c a n t  io n  te m p e ra tu re s  on PLT 
(Hosea e t  a l ,  1982) and TFR (E qu ipe  TER, 1982 ).  R e c e n t ly ,  th e  
p o s s i o i l i t y  o f  h e a t in g  a t  th e  t h i r d  io n  c y c lo t r o n  harm on ic  (o) = 3 0 t )  
o f  d e u re r iu m  has re c e iv e d  some t h e o r e t i c a l  a t t e n t i o n  (Swanson, 1985a). 
T h is  resonance i s  s t i l l  s t r o n g l y  a b s o rb in g  and th e  plasma co re  i s  
a c c e s s ib le .  A ls o ,  th e  h ig h e r  wave f r e q u e n c ie s  in v o lv e d  make wave­
g u id e  la u n c h in g  an a t t r a c t i v e  f e a tu r e  o f  t h i s  scheme.
LHRH uses waves i n  th e  f re q u e n c y  range 1-10 GHz. A t 3 GHz, the  
vacuum w a ve leng th  i s  0 . 1m, th u s  a l l o w in g  th e  energy to  be launched  by
means o f  w avegu ides . A n o th e r  advantage  o f  th e  scheme i s  t h a t  e f f i c i e n t ,
megawatt power sou rces  a re  a l r e a d y  a v a i l a b l e  f o r  these  f r e q u e n c ie s ,
so , u n l i k e  ECRH, l i t t l e  e x t r a  sou rce  deve lopm ent i s  r e q u i r e d .  The
s low  wave, w h ich  in  th e  c o ld  plasma a p p ro x im a t io n  has a resonance
a t  th e  lo w e r  h y b r id  f re q u e n cy  w, = lo . / ( 1  + , i s  used f o r ^ ^ '  LH p i  pe e ’
h e a t in g .  P ro p a g a t io n  tow ards  th e  c e n t r e  o f  th e  plasma i s  o n ly
p o s s ib le  f o r  waves w i t h  n „  (= I<„c/ (jo) > 1. These waves a re  then
evanescen t a t  th e  plasma edge, b u t  i n  p r a c t i c e  th e  w id th  o f  th e
evanescen t l a y e r  «  c /w  so t h a t  c o u p l in g  i s  e f f i c i e n t .  In  f a c t ,  th e re
w i l l  be a second re g io n  o f  evanescence between th e  plasma edge and
th e  resonance  u n le s s  th e  waves a re  launche d  w i t h  n,? > 1 + (o)^ / O f )  ," pe e r e s ’
where re s  i n d i c a t e s  q u a n t i t i e s  t o  be e v a lu a te d  a t  th e  resonance . 
A c c e s s i b i l i t y  o f  s low  waves to  th e  LHR l a y e r  i s  d is c u s s e d  i n  d e t a i l  
i n  C h ap te r  3. A " g r i l l "  an te n n a ,  w h ich  c o n s is t s  o f  an a r r a y  o f  
wavegu ides w i t h  a d e f i n i t e  phase r e l a t i o n  between a d ja c e n t  e le m e n ts ,  
e x c i t e s  th e  r e q u i r e d  n „  sp e c tru m . The c o ld  plasma s low  wave i s  mode 
c o n v e r te d  i n  th e  v i c i n i t y  o f  th e  LHR la y e r  t o  an io n  B e rn s te in  wave 
( S t i x ,  19 6 5 ) ,  wh ich  i s  then  s t r o n g l y  absorbed  as i t  c ro s s e s  h ig h  io n  
c y c lo t r o n  h a rm on ics .  A l t e r n a t i v e l y ,  n „  can be chosen so t h a t  th e  
s low  wave Landau damps on th e  e le c t r o n s  b e fo re  th e  mode c o n v e rs io n  
la y e r  i s  reached ( B r a m b i l l a ,  1 9 7 8 ) .  LHRH has a ch ieved  s i g n i f i c a n t  
te m p e ra tu re s  on , f o r  exam ple , PLT (S te ve n s  e t  a l ,  1982) and ALCATOR C 
(P o rk o la b  e t  a l ,  1984 ).
ECRH (Manheimer, 1979; B o r n a t i c i ,  1983) i s  th e  s im p le s t  o f  th e  
R .F . h e a t in g  methods and w i l l  use waves in  th e  f re q u e n cy  range 
30-150 GHz. The main drawback to  ECRH has so f a r  l a i n  w i t h  th e
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deve lopm ent o f  s u i t a b l e  h ig h -p o w e r  m icrowave sou rces  ( g y r o t r o n s ) .
However, g y r o t r o n s  in  th e  lo w e r  h a l f  o f  th e  fre q u e n cy  range a re  now
becoming a v a i l a b le  ( J o r y ,  1984 ) .  In  c o n t r a s t  to  ICRH and LHRH th e re
i s  no evanescen t re g io n  between th e  vacuum and th e  a b s o r p t io n  zone.
As a r e s u l t ,  power can be fe d  i n  by a s m a l l  a p e r tu re  waveguide which
i s  r e t r a c t e d  from  th e  p lasm a. A t these  h ig h  f r e q u e n c ie s ,  o n ly
e le c t r o n s  a re  heated  d i r e c t l y .  The e le c t r o n s  w i l l  then  h e a t  the  io n s
by c o l l i s i o n s .  Both o f  th e  c o ld  plasma waves p e n e t ra te  to  re a so n a b le
plasma d e n s i t i e s  and so can be used f o r  h e a t in g ,  f o r  p ro p a g a t io n
p e r p e n d ic u la r  to  th e  e q u i l i b r i u m  m ag n e t ic  f i e l d  (B p ) ,  the  e x t r a o r d in a r y
(X) mode i s  e l l i p t i c a l l y  p o la r i s e d  w i t h  E^Bp and th e  o r d in a r y  (0 )
mode i s  l i n e a r l y  p o la r i s e d  w i t h  E „B p . D e n s i ty  l i m i t a t i o n s  on
p r o p a g a t io n ,  and t h e r e f o r e  h e a t in g ,  a re  imposed by th e  e x is te n c e  o f
c u t o f f s  a t  0)  ^ = (jO^ f o r  the  0 mode, end = a)(o) ± ) f o r  th e  X mode,pe pe e
The X mode has a c o ld  plasma resonance a t  th e  upper h y b r id  f re q u e n cy  
^UH ~ ( w f g + ^ ^ ) ^ ,  whereas th e  0 mode, b e in g  indepe nden t o f  Bp, does 
n o t  possess such a resonance . However, b o th  waves a re  found to  have 
h o t  plasma resonances a t  O) = n ^ ^ ,  (n  = 1 , 2 , . . . ) .  As u s u a l ,  these  
resonances  have a mode c o n v e rs io n  i n t e r p r e t a t i o n  (C a i rn s  and Lashmore- 
D a v ie s ,  1982, 1983). In  th e  v i c i n i t y  o f  th e  upper h y b r id  o r  second 
ha rm on ic  resonance th e  X mode i s  c o n v e r te d  to  a B e rn s te in  wave w h ich  
w i l l  be c y c lo t r o n  damped f o r  nonzero  k „ ,  w h i le  th e  fundam en ta l 
(u) = Q^) 0 and X mode resonances can be u n d e rs to o d  i n  te rm s o f  
c o n v e rs io n  t o  c y c lo t r o n  ha rm on ic  waves w h ich  appear (A k h ie z e r  e t  a l ,  
1975) when second ( o r  h ig h e r )  o rd e r  Larmor r a d iu s  te rm s a re  in c lu d e d  
i n  th e  d i s p e r s io n  r e l a t i o n .  I t  i s  n o te d  t h a t  th e  p ro p a g a t io n  and
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a b s o p r t io n  o f  e le c t r o n  c y c lo t r o n  waves may be p r o fo u n d ly  a f f e c t e d ,  
even i n  low  te m p e ra tu re  p lasm as , by th e  v e lo c i t y - d e p e n d e n t  
r e l a t i v i s t i c  c o r r e c t i o n  t o  th e  e l e c t r o n  mass (S h k a ro fs k y , 1966 a ,b ;  
F idone  e t  a l ,  1978, 1982 ).  T h is  makes th e  resonance c o n d i t i o n  ( 1 . 1 )  
v e lo c i t y - d e p e n d e n t  even f o r  e x a c t l y  p e r p e n d ic u la r  p r o p a g a t io n ,  
r e s u l t i n g  i n  wave damping where none e x is t e d  b e fo r e .  The main 
s c e n a r io s  f o r  h e a t in g  use th e  X mode a t  o) «  2T^  ^ o r  th e  0 mode a t  
Ü) «  b o th  waves b e in g  launche d  from  th e  o u ts id e  o f  th e  t o r u s .
L ik e  ICRH, ECRH has th e  c o n s id e ra b le  advantage t h a t  th e  a b s o rp t io n  
re g io n  i s  c o n t r o l l e d  by m a tch ing  th e  wave f re q u e n cy  to  th e  g y r o -  
f re q u e n c y .  The e x p e r im e n ta l  programme on T-10 ( P a r a i l  and A l i k a e v ,
1984) uses a bank o f  4 -6  g y r o t r o n s  a t  84 GHz w i t h  a t o t a l  power 
o u tp u t  o f  up to  1 MW. X mode (w ~ 2 ^ ^ )  and 0 mode (w «  f2^) h e a t in g  
have r a is e d  e le c t r o n  te m p e ra tu re s  by 0 .5  -  2 keV.
R .F . waves have one f u r t h e r ,  v e ry  i n t e r e s t i n g  a p p l i c a t i o n :  
th e y  can g e n e ra te  c o n t in u o u s  t o r o i d a l  e l e c t r i c  c u r r e n t s  w h ich  w i l l  
s u s ta in  th e  p o lo id a l  m agne t ic  f i e l d  r e q u i r e d  f o r  tokamak s t a b i l i t y .  
T h is  o f f e r s  th e  p o s s i b i l i t y  o f  s t e a d y - s t a t e  tokamak o p e r a t io n  
w i t h o u t  need o f  an ohmic h e a t in g  t r a n s fo r m e r .  F is c h  (1978) proposed 
a scheme i n  wh ich  lo w e r  h y b r id  waves a re  launched  u n i d i r e c t i o n a l l y  
a round th e  t o r u s .  The waves r e s o n a n t ly  d r i v e  s u p e r th e rm a l e le c t r o n s  
t r a v e l l i n g  i n  t h a t  d i r e c t i o n  by Landau damping. In  t h i s  way a n e t  
t o r o i d a l  c u r r e n t  i s  p roduced . Recent r e s u l t s  from PLT (Jobes e t  a l ,
1985) show s i g n i f i c a n t  c u r r e n t  ram p ing  when R .F . lo w e r  h y b r id  waves 
a re  a p p l ie d .  A b a s i c a l l y  d i f f e r e n t  method (F is c h  and B oozer, 1980) 
r e l i e s  upon a l t e r i n g  th e  c o l l i s i o n a l i t y  o f  th e  p lasm a. The id e a  i s
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t o  p r e f e r e n t i a l l y  hea t e le c t r o n s  t r a v e l l i n g  i n  one d i r e c t i o n ,  to  th e  
r i g h t ,  say .  The r ig h t - m o v in g  e le c t r o n s ,  b e in g  h o t t e r ,  c o l l i d e  le s s  
f r e q u e n t l y  w i t h  th e  io n s  th a n  do t h e i r  l e f t - m o v in g  c o u n te r p a r t s .
T h is  r e s u l t s  i n  a n e t  m o t io n  o f  e le c t r o n s  t o  th e  r i g h t ,  and io n s  to  
th e  l e f t ,  i . e .  a c u r r e n t .  T h is  mechanism a p p l ie s  t o  e le c t r o n  c y c lo t r o n  
waves, w h ich  g iv e  energy  t o  th e  p e r p e n d ic u la r ,  r a t h e r  than  th e  p a r a l l e l ,  
m o t io n  o f  th e  e le c t r o n .  E le c t r o n  c y c lo t r o n  waves have d r i v e n  c u r r e n t s  
o f  abou t 20 mA pe r W att on th e  T05CA (R ob inson  e t  a l ,  1982) e x p e r im e n t  
a t  Culham L a b o ra to ry .
1 .2  L in e a r  Mode C onve rs ion
In  wave p ro p a g a t io n  s t u d ie s ,  th e  s im p le s t  exam inab le  case i s  
t h a t  o f  th e  i n f i n i t e  homogeneous medium. We lo o k  f o r  s m a l l  a m p l i tu d e  
p la n e  wave s o lu t i o n s  o f  th e  fo rm  A^ exp ( i k . x  -  ic o t ) ,  where A^ i s  a 
c o n s ta n t  v e c to r ,  and F o u r ie r  a n a ly s e  th e  l i n e a r i s e d  g o v e rn in g  e q u a t io n s  
t o  o b t a in  a d is p e r s io n  r e l a t i o n ,  D (w ,k )  = 0 , wh ich  d e te rm in e s  th e  
a l lo w e d  modes o f  th e  sys tem . These waves p ro p a g a te  in d e p e n d e n t ly  
th ro u g h o u t  space. Suppose now t h a t  th e  medium i s  s p a t i a l l y  v a r y in g  
on a l e n g th  s c a le  much g r e a te r  th a n  th e  w a v e le n g th .  I n t u i t i v e l y  we 
e xp e c t  th e  s o lu t i o n s  i n  a s lo w ly  v a r y in g  medium to  behave l o c a l l y  
l i k e  th e  p la n e  waves o f  th e  homogeneous case . For waves o f  a g iv e n  
f re q u e n c y  , th e  wavenumber w i l l  e v o lv e  i n  space so as t o  s a t i s f y  
a t  each p o in t  th e  d is p e r s io n  r e l a t i o n
D ( ( A } p , k ; x )  = 0, ( 1 . 2 )
whose pa ra m e te rs  a re  now s lo w ly  v a r y in g  f u n c t io n s  o f  x .  T h is  id e a
Forms th e  b a s is  o f  th e  g e o m e t r ic a l  o p t i c s ,  o r  WKBJ, a p p ro x im a t io n ,  
w h ich  can be a p p l ie d  to  th e  M a x w e l l - l i n e a r i s e d  k i n e t i c  e q u a t io n s  i n  
th e  s tu d y  o f  e le c t r o m a g n e t ic  wave p r o p a g a t io n  i n  n o n u n i fo rm  plasmas 
( B e r n s te in  and F r ie d la n d ,  1 9 8 3 ) .  However, f o r  s i m p l i c i t y  and i n  
o rd e r  t o  a p p r e c ia te  th e  l i m i t a t i o n s  o f  th e  a p p ro x im a t io n ,  we c o n s id e r  
a o n e -d im e n s io n a l  wave e q u a t io n
9"u 1 9"u
9x= -  c = ( x )  9t= '
where th e  wave speed c i s  a l lo w e d  to  v a ry  i n  space. We f a c t o r  o u t  
th e  t im e  dependence by w r i t i n g  u ( x , t )  = c p (x )e x p ( iw t )  and o b ta in  an
O .D .E . ,
^  + k^(x)cp = 0 ; k = — . ( 1 .3 )dx c
The s o lu t i o n s  o f  ( 1 . 3 )  f o r  c o n s ta n t  k sugges t t r i a l  s o lu t i o n s  o f
th e  fo rm  Ap exp ± i  k ( x ' ) d x '  , w h ic h ,  when s u b s t i t u t e d  i n t o  
t  J q  J
( 1 . 3 )  le a v e s  a rem a inde r te rm  ± i d k / d x  Ap. The guess i s  then  a 
re a s o n a b le  one p ro v id e d  |d k /d x |  «  k ' , i . e .  i f  1/ k  |d ( & n c ) /d x |  «  1 , 
wh ich  re c o v e rs  ou r o r i g i n a l  assum p tion  t h a t  the  f r a c t i o n a l  change 
i n  th e  pa ram e te r  c o ve r  a l o c a l  w a ve le n g th  i s  much le s s  th a n  u n i t y .
A b e t t e r  a p p ro x im a t io n  to  th e  s o l u t i o n s  o f  ( 1 . 3 )  a l lo w s  an 
a m p l i tu d e  as w e l l  as a phase v a r i a t i o n .  Tak ing
(p = A (x )  exp ± i  f  k ( x '  )d x 'I  * 0^ J
i n  ( 1 . 3 )  we o b ta in  the  e x a c t  r e l a t i o n
2kA' + k 'A  + iA "  = 0. ( 1 . 4 )
I f  th e  A" te rm  i s  n e g le c te d ,  A « l k | “ ^ ,  le a d in g  to  th e  s o - c a l l e d
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WKBJ a p p ro x im a te  s o lu t i o n s
X
(p  ^ |k  I exp ± i  r  k ( x ' ) d x ' 
^0
( 1 . 5 )
The f r a c t i o n a l  e r r o r  i n v o lv e d  i n  t h i s  p ro ce d u re  i s  then  o f  o rd e r  
k ' / k ^  = 1 / k  d (& n A ) /d x ,  where we have dropped a k "  te rm . C le a r l y  th e  
s o l u t i o n s  ( 1 . 5 )  f a i l  c o m p le te ly  a t  a ' t u r n i n g  p o i n t '  where k = G .  In  
th e  ne ighb ou rhood  o f  a c u t o f f ,  th e  w a ve le n g th  becomes la r g e  compared 
w i t h  th e  s c a le  le n g th  o f  th e  n o n u n i f o r m i t i e s  so t h a t  the  o r i g i n a l  
a s sum p t ion  u n d e r ly in g  th e  method i s  v i o l a t e d .  The o th e r  c i rc u m s ta n c e  
i n  w h ich  th e  WKBJ a p p ro x im a t io n  b re a k s  down i s  when th e  l o c a l  wave­
le n g th  i s  exceeded by i t s  own g r a d ie n t  s c a le  l e n g th .  I f  | k ' / k ' |  > 1, 
then  th e  a m p l i tu d e  A v a r ie s  r a p i d l y  i n d i c a t i n g  t h a t  th e  n e g le c t  o f  
A" compared w i t h  th e  o th e r  te rm s i n  ( 1 . 4 )  i s  no lo n g e r  v a l i d .  T h is  
happens near a wave resonance as k -+ oo. Such b e h a v io u r  can a ls o  
o c cu r  a t  f i n i t e  k ,  i n  re g io n s  where k ' becomes la r g e .  These a re  
p r e c i s e l y  th e  r e g io n s  where th e  mapping k ( x ) ,  as d e te rm in e d  by ( 1 . 2 ) ,  
has a b ranch  p o in t  so t h a t ,  t y p i c a l l y ,  two o f  the  r o o ts  o f  the  
d i s p e r s io n  r e l a t i o n  a re  a lm o s t  c o i n c i d e n t .  O u ts id e  o f  such re g io n s  
th e  two modes p ro p a g a te  in d e p e n d e n t ly  and a re  d e s c r ib e d  by th e  WKBJ 
a p p r o x im a t io n .  I n s id e ,  however, th e  two modes have a lm os t i d e n t i c a l  
c h a r a c t e r i s t i c s  r e s u l t i n g  i n  a 'mode c o n v e r s io n '  p rocess  i n  w h ich  
energy  i n c i d e n t  i n  one mode emerges from  th e  re g io n  p a r t i t i o n e d  
between th e  two modes. T h is  p ro c e s s ,  w h ich  has no ana logy  i n  
homogeneous media, i s  b e in g  e x t e n s i v e l y  i n v e s t i g a t e d  i n  many areas 
o f  p h y s ic s ,  i n c lu d in g  plasma p h y s ic s  ( Zhe leznyakov  e t  a l ,  1983).
Mode c o n v e rs io n  i s  a p h y s ic a l  consequence o f  th e  m a th e m a t ic a l  
f a c t  t h a t  th e  WKBJ s o lu t i o n s  canno t be c o n t in u e d  a n a l y t i c a l l y
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th ro u g h  a t u r n in g  p o i n t .  The reason  f o r  t h i s  i s  t h a t  th e y  a re  
le a d in g  term s i n  a s y m p to t ic ,  n o t  c o n v e rg e n t ,  e x p a n s io n s .  W h ile  (p^ 
and cp a re  th e  le a d in g  te rm s o f  some p a i r  o f  s o lu t i o n s  o f  ( 1 . 3 )  
s u f f i c i e n t l y  f a r  on e i t h e r  s id e  o f  a t u r n in g  p o i n t ,  cp^, sa y ,  a lone  
does n o t  c o n s t i t u t e  th e  le a d in g  te rm  o f  a c o n t in u o u s  s o l u t i o n  o f
( 1 . 3 )  on bo th  s id e s  o f  a t u r n in g  p o i n t  s im u l ta n e o u s ly .  T h is  i s  the  
s o - c a l l e d  S tokes  phenomenon (s e e ,  f o r  exam ple . Head ing , 1962 ).  A 
c o n t in u o u s  s o l u t i o n  cp(x) o f  th e  O .D .E . ( 1 . 3 )  i s  a lw ays  e x p r e s s ib le  
as th e  p ro d u c t  o f  a c o n v e rg e n t  s e r ie s  w i t h  a f a c t o r  in c o r p o r a t in g  
th e  b e h a v io u r  a t  a b ranch  p o in t  o r  s i n g u l a r i t y .  Any d i f f e r e n t  
e x p a n s io n  canno t hope t o  re p re s e n t  t h i s  f u n c t i o n  everyw here  e xc e p t  
by p e r i o d i c  changes i n  fo rm . Thus th e  c o n s ta n t  c o e f f i c i e n t s  o f  
th e  l i n e a r  c o m b in a t io n  o f  cp^  w h ich  r e p r e s e n ts  cp(x) change a b r u p t l y  
as c e r t a i n  l i n e s ,  S tokes  l i n e s ,  em anating  i n  th e  complex p la n e  from  
a t u r n in g  p o i n t ,  a re  c ro s s e d .  The o c c u r re n c e  o f  d i s c o n t i n u i t i e s  
i n  th e  r e p r e s e n ta t io n  o f  a c o n t in u o u s  f u n c t i o n  i s  no c o n t r a d i c a t i o n  
when we r e a l i s e  t h a t  a s y m p to t ic  s e r ie s  c o n ta in  in h e r e n t  e r r o r s ,  and 
t h a t  th e  d i s c o n t i n u i t i e s  a re  a lw ays  s m a l le r  i n  m agn itude  than  these  
e r r o r s .  Heading (1962) s e t  down r u le s  f o r  t r a c i n g  th e  a s y m p to t ic  
r e p r e s e n ta t io n  o f  th e  g e n e ra l  s o l u t i o n  o f  ( 1 . 3 )  a c ro ss  S tokes l i n e s .  
These c o n n e c t io n  fo rm u la e ,  when th e  a p p r o p r ia te  boundary c o n d i t i o n  
i s  a p p l i e d ,  t e l l  us what f r a c t i o n  o f  th e  i n c i d e n t  power f l u x  i s  
d i s t r i b u t e d  i n  each mode a f t e r  p a s s in g  th ro u g h  th e  mode c o n v e rs io n ,
i . e  t u r n in g  p o i n t ,  r e g io n .
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1 .3  F u l l  Wave C a lc u la t io n s
As we have seen, l i n e a r  mode c o n v e rs io n  i s  o f  p a r t i c u l a r  
re le v a n c e  to  R .F . h e a t in g  s in c e  th e  e f f i c i e n c y  o f  any h e a t in g  scheme 
i s  d e te rm in e d  by th e  f r a c t i o n  o f  i n c i d e n t  e le c t r o m a g n e t ic  energy 
t h a t  can be c o n v e r te d  t o  a plasma wave w h ich  i n  t u r n  i s  s u s c e p t ib le  
to  a c o l l i s i o n l e s s  damping p ro c e s s .  To d a te ,  many a t te m p ts  a t  
e x t r a c t i n g  mode c o u p l in g  e q u a t io n s  from  th e  V la s o v -M a x w e l l  e q u a t io n s  
have ta ke n  as t h e i r  s t a r t i n g  p o in t  th e  s o lu t i o n s  f o r  th e  homogeneous 
p lasm a. The method c o n s is t s  f i r s t l y  o f  a p p ro x im a t in g  th e  l o c a l  
d is p e r s io n  r e l a t i o n  by a p o ly n o m ia l  i n  k ^ ,  u s u a l l y  a q u a d r a t i c ,  where 
k i s  th e  wavenumber i n  th e  d i r e c t i o n  o f  th e  in h o m o g e n e i ty .  T h is  i s  
then  a s s o c ia te d  w i t h  a d i f f e r e n t i a l  e q u a t io n  v ia  th e  i d e n t i f i c a t i o n  
k -+ - i d / d x .  I f  th e  s p a t i a l  v a r i a t i o n  o f  plasma pa ram ete rs  i s  l i n e a r  
i n  X , then  th e  r e s u l t i n g  f o u r t h  o r  h ig h e r  o rd e r  d i f f e r e n t i a l  e q u a t io n  
has c o e f f i c i e n t s  wh ich  a re  l i n e a r  i n  x .  Such e q u a t io n s  a re  amenable 
t o  t r e a tm e n t  by Lap lace  t r a n s fo rm  th e o ry  (S m ith ,  1966), le a d in g  to  
a f i r s t  o rd e r  e q u a t io n  f o r  th e  t r a n s fo rm  o f  th e  dependent v a r i a b l e .  
T h is  i s  e a s i l y  i n t e g r a te d  to  o b ta in  th e  g e n e ra l  s o lu t i o n  o f  the  
o r i g i n a l  O .D.E. i n  th e  form  o f  a c o n to u r  i n t e g r a l .  D i f f e r e n t  c h o ic e s  
o f  c o n to u r  p roduce d i f f e r e n t  s o l u t i o n s ,  each v a l i d  f o r  a l l  complex z ,  
where x = R e (z ) .  A s e t  o f  c o n to u rs  can be found w h ich  r e p re s e n t  th e  
l i n e a r l y  independen t s o l u t i o n s  o f  th e  O .D .E . C onnec t io n  fo rm u la e ,  
and hence t r a n s m is s io n ,  c o n v e rs io n  and r e f l e c t i o n  c o e f f i c i e n t s ,  a re  
o b ta in e d  by e v a lu a t in g  th e  c o n to u r  i n t e g r a l s  i n  th e  two l i m i t s  o f  
l a r g e  + | z | .  These i n t e g r a l s  can be done u s in g  th e  method o f  s te e p e s t  
de sc e n ts  (M u rra y ,  1974 ). A p p l i c a t i o n  o f  th e  i n t e g r a l  t r a n s fo rm
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t e c h n iq u e  to  t y p i c a l  f o u r t h  o r d e r  mode c o n v e rs io n  e q u a t io n s  i s  d e s c r ib e d  
i n  d e t a i l  by S t i x  and Swanson (1 9 8 3 ) ,  The method was s u c c e s s fu l l y  
used f i r s t  by S t i x  (1965) to  s tu d y  mode c o n v e rs io n  between the  c o ld  
plasma e le c t r o m a g n e t ic  wave and a warm io n  o r  e le c t r o n  plasma wave 
i n  th e  v i c i n i t y  o f  th e  lo w e r  o r  upper h y b r id  re so n a n t  la y e r  r e s p e c t i v e l y .  
S ince  th e n ,  th e  approach has been adopted  by s e v e r a l  a u th o rs  i n c lu d in g  
F idone  and P a r is  (1974) who examined lo w e r  h y b r id  wave c o n v e rs io n  f o r  
a p a r a b o l i c  d e n s i t y  p r o f i l e .  Swanson (1976) i n v e s t ig a t e d  mode 
c o u p l in g  between th e  f a s t  m agne toson ic  wave p ro p a g a t in g  p e r p e n d ic u la r l y  
to  th e  m agne t ic  f i e l d  ( k „  = 0) and th e  io n  B e r n s te in  wave near the  
tw o - io n  h y b r id  resonance . Ngan and Swanson (1977) c o n s id e re d  mode 
c o u p l in g  between the  f a s t  wave and th e  io n  B e r n s te in  wave a t  the  
second io n  c y c lo t r o n  ha rm on ic  (w = 2 0 b ) ,  a g a in  f o r  th e  case o f  
p e r p e n d ic u la r  p ro p a g a t io n .  Gambier and S c h m it t  (1983) p re s e n te d  an 
a lg o r i t h m  f o r  c a l c u l a t i n g  th e  c o n n e c t io n  fo rm u la e  between th e  s e ts  
o f  p ro p a g a t in g  f a s t  and s lo w  wave s o l u t i o n s  o f  a g e n e ra l  n th  o rd e r  
homogeneous O.D.E. whose c o e f f i c i e n t s  a re  l i n e a r  i n  x .
A v a r i a n t  o f  th e  i n t e g r a l  t r a n s fo rm  method was deve loped  by 
Swanson (1978, 1980) i n  o r d e r  t o  s tu d y  th e  e f f e c t s  o f  l o c a l i s e d  
a b s o r o t io n  on th e  mode c o n v e rs io n  p ro ce ss  a t  th e  second io n  c y c lo t r o n  
h a rm o n ic .  For p ro p a g a t io n  a t  nonzero  k „ ,  th e  B e r n s te in  modes a re  
s t r o n g l y  damped i n  th e  resonance r e g io n ,  and so th e re  i s  c o m p e t i t io n  
between a b s o rp t io n  and th e  c o n v e rs io n  o f  f a s t  wave energy t o  the  
B e r n s te in  mode. The method o f  a t t a c k  on th e s e  prob lem s has been 
re v ie w e d  by S t i x  and Swanson (1983) and Swanson (1 9 8 5 b ) ,  so we 
o u t l i n e  i t  o n ly  b r i e f l y  h e re .  To in c lu d e  a b s o r p t io n  e f f e c t s ,  th e  
plasma d is p e r s io n  f u n c t i o n ,  Z, w h ich  appears  i n  th e  d i s p e r s io n
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r e l a t i o n  must be r e ta in e d  i n  i t s  g e n e ra l  fo rm . However, a t te m p ts  
a t  s o l v i n g  th e  a s s o c ia te d  f o u r t h  o rd e r  O .D .E . ,  w h ich  has th e  Z 
f u n c t i o n  on i t s  c o e f f i c i e n t s ,  by d i r e c t  n u m e r ic a l  i n t e g r a t i o n  f a i l  
due to  th e  p resence  o f  e x p o n e n t i a l l y  g ro w in g  s o l u t i o n s .  The id e a  
th e n  i s  t o  s e p a ra te  o u t  th e  a s y m p to t ic  from  l o c a l l y  im p o r ta n t  te rm s 
o f  th e  O.D .E. by ke e p in g  th e  a s y m p to t ic  fo rm  o f  th e  Z f u n c t io n  te rm s 
on th e  l . h . s . ,  w h i le  p u t t i n g  th e  d i f f e r e n c e  o f  th e  a s y m p to t ic  and 
g e n e ra l  fo rm  o f  th e  Z f u n c t io n  te rm s on th e  r . h . s .  The r . h . s . ,  
w h ich  i s  ze ro  f a r  from  th e  mode c o n v e rs io n  r e g io n ,  i s  then  t r e a te d  
as a sou rce  te rm ,  making th e  e q u a t io n  inhom ogeneous. The n e x t  s te p  
i s  t o  c o n t r u c t  a G reen ’ s f u n c t i o n  f o r  th e  homogeneous f o u r t h  o rd e r  
O .D .E. g iv e n  by l . h . s .  = 0 . T h is  r e q u i r e s  knowledge o f  th e  s o lu t i o n s  
o f  th e  a d j o i n t  homogeneous e q u a t io n .  The end r e s u l t  i s  t h a t  the  
o r i g i n a l  O.D.E. i s  exp ressed  as an in t e g r a l  e q u a t io n  i n v o l v i n g  the  
G re e n 's  f u n c t io n  and th e  sou rce  te rm .  T h is  f o r m u la t io n  i s  n o t  
s u b je c t  to  th e  p r e v io u s ly  e n co u n te re d  n u m e r ic a l  i n s t a b i l i t i e s ,  and 
can be s o lv e d  by i t e r a t i o n ,  s t a r t i n g  w i t h  s o lu t i o n s  o f  th e  homogeneous 
O .D .E . as guess f u n c t io n s .  The G re e n 's  f u n c t io n  method has r e c e n t l y  
been a p p l ie d  to  a s i x t h  o rd e r  O .D .E . (Swanson, 1985a) i n  a s tu d y  o f  
wave a b s o r p t io n  a t  th e  t h i r d  io n  c y c lo t r o n  ha rm on ic .  A ls o ,  th e  
a lg o r i t h m  o f  Gambler and S c h m i t t  (1983 ) has been ex tended (Gambler 
and Swanson, 1985) t o  c a l c u l a t e  a com p le te  s e t  o f  s o lu t i o n s  f o r  the  
n th  o rd e r  e q u a t io n ,  th u s  a l l o w in g  c o n s t r u c t i o n  o f  th e  G re e n 's  f u n c t io n  
and, t h e r e f o r e ,  t r e a tm e n t  o f  l o c a l i s e d  sou rce  p rob lem s.
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1 .4  Second O rder T h e o r ie s
The method o f  a s s o c ia t i n g  an O .D .E . w i t h  th e  u n i fo rm  warm plasma 
d i s p e r s io n  r e l a t i o n  by t a k in g  a F o u r ie r  t r a n s fo r m  i n  the  d i r e c t i o n  o f  
v a r i a t i o n  has i t s  l i m i t a t i o n s .  The f i r s t  i s  a t e c h n ic a l  one i n  t h a t  
s o l v i n g  f o u r t h  o r  h ig h e r  o rd e r  model e q u a t io n s  i s ,  as we have seen, a 
c o m p l ic a te d  ta s k .  Much more s e r io u s  i s  th e  f a c t  t h a t  such e q u a t io n s  
a re  a lw ays  ambiguous s in c e  th e r e  i s  no a p r i o r i  p r e s c r i p t i o n  to  
d e te rm in e  w he ther te rm s such as f ( x ) k  i n  th e  d i s p e r s io n  r e l a t i o n  w i l l  
co r re s p o n d  t o  -  i d / d x  ( fcp ),  - i f  dcp/dx o r  some l i n e a r  c o m b in a t io n  o f  
b o th .  The most severe  r e s t r i c t i o n  t o  the  te c h n iq u e  i s  t h a t  the  
V la s o v -M a x w e l l  e q u a t io n s  c o n s t i t u t e  a s e t  o f  i n t e g r o - d i f f e r e n t i a l  
e q u a t io n s  and th e  u n i fo rm  d is p e r s io n  r e l a t i o n  c o n ta in s  th e  t ra n s c e n ­
d e n ta l  p lasma d is p e r s io n  f u n c t i o n  w h ich  has k „  as one o f  i t s  
a rgum en ts . C o n s e q u e n t ly ,  i n  cases where th e  v a r i a t i o n  i s  a lo n g  the  
m agne t ic  f i e l d  d i r e c t i o n  we a re  n o t  even a b le  to  app ro x im a te  the  
d i s p e r s io n  r e l a t i o n  by a p o ly n o m ia l  i n  k „ ,  l e t  a lone  make the  
t r a n s l a t i o n  to  a d i f f e r e n t i a l  e q u a t io n  fo rm .
R e c e n t ly ,  t h e r e  have been a t te m p ts  t o  s i m p l i f y  and g e n e r a l is e  
th e  th e o r y  o f  l i n e a r  mode c o n v e r s io n .  These have a r is e n  from  th e  
s u g g e s t io n  t h a t  s in c e ,  d e s p i t e  th e  m u l t i t u d e  and c o m p le x i ty  o f  
p o s s io le  modes i n  p lasm as, i n  most ca se s , c o u p l in g  in v o lv e s  o n ly  two 
waves a t  a t im e ,  the  p ro ce ss  m ig h t  be d e s c r ib e d  by a second o rd e r
O .D .E . f o r  th e  wave a m p l i tu d e .  A method has been deve loped  by Fuchs 
e t  a l  (1981 , 1985) f o r  e x t r a c t i n g  p a i r w is e  c o u p l in g  e v en ts  "embedded" 
i n  g e n e ra l  d is p e r s io n  r e l a t i o n s .  Very  b r i e f l y ,  th e  method focusses  
on th e  p r o p e r t i e s  o f  the  d i s p e r s io n  r e l a t i o n  i n  th e  v i c i n i t y  o f  th e
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b ranch  and sa dd le  p o in t s  o f  th e  complex mapping o f  th e  s p a t i a l
v a r i a b l e  x = Re(z) o n to  th e  complex wavenumber p la n e  k ,  as d e te rm ined
by th e  d is p e r s io n  r e l a t i o n
D ( k , z ;w )  = 0. ( 1 .6 )
In  a d d i t i o n  to  th e  b ranches k = f ( z )  o f  ( 1 . 6 ) ,  im p o r ta n t  c o n to u rs  i n  
th e  k p la n e  a re  those  on w h ich  th e  f u n c t i o n  9D/9k v a n is h e s .  The 
mapping
D, = = 0 k = k ( z )  ( 1 . 7 )k ok c
d e f in e s  c o n to u rs  on w h ich  th e  wave group v e l o c i t y  must v a n is h  s in c e
9w 9D/9k
9k " " 9D/9Ü) '
The b ranch  p o in t s ,  z ^ , o f  th e  mapping k = f ( z )  a re  those  f o r  w h ich
d f / d z  d iv e r g e s ,  and th e y  a re  by d e f i n i t i o n ,  th e  o n ly  ones w h ich  map 
o n to  a s i n g le  p o in t  k^ i n  th e  k p la n e ,  where k^ i s  the  sa d d le  p o in t  
o f  th e  in v e r s e  mapping z = f ~ ^ ( k ) .  The b ranch  and s a dd le  p o in t s ,
Zy and k ^ ,  o f  ( 1 .6 )  a re  a ls o  s o l u t i o n s  o f  ( 1 . 7 )  s in c e
dk 9D/9z
dz "  9D/9k '
and th e y  a re  t h e r e fo r e  th e  p o in t s  a t  w h ich  th e  b ranches w i l l  c o u p le .  
A ls o ,  th e  p o in t s  ( z ^ , k ^ )  a re  th e  o n ly  common p o in t s  o f  the  branches 
k = f ( z )  w i t h  th e  c o n to u rs  k ^ ( z ) ,  and so th e  k ^ ( z )  can be taken  as 
b ranch  c u t s .  The d i s p e r s io n  r e l a t i o n  i s  then  expanded around 
k = k ^ ^ z )  to  second o rd e r  i n  k y i e l d i n g  the  embedded d is p e r s io n  
r e l a t i o n
D(k ) 4- i ( k - k  )^D ,, (k  ) = 0 . ( 1 .8 )c c kk c
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I n  o rd e r  to  o b ta in  t r a n s m is s io n  and c o n v e rs io n  c o e f f i c i e n t s ,  a second 
o rd e r  O .D .E. i s  a t t r i b u t e d  to  ( 1 . 8 ) .  T h is  can be done unam b iguous ly  
by r e q u i r i n g  t h a t  th e  t u r n in g  p o in t s  o f  th e  e q u a t io n  c o in c id e  w i t h  
th e  b ranch  p o in t s  o f  th e  d i s p e r s io n  r e l a t i o n  ( 1 . 8 ) .
The O .D.E. must then  be o f  th e  form
^  + Q(z)Y = 0 ( 1 .9 )dz^
where th e  c o u p l in g  p o t e n t i a l  Q i s
2D(k )
°  = ■ ‘■ W
Q v a n is h e s  when z = z. s in c e  k (z. ) = k , and th e  b ranch  and s a d d leb c b s
p o in t s  s a t i s f y  the  d is p e r s io n  r e l a t i o n .  M oreove r, th e  wave a m p l i tu d e
Ii  I k ^ d z0 = Y exp 
s a t i s f i e s  th e  e q u a t io n
= 0 .
Hence ( 1 . 9 )  i s  th e  r e q u i r e d  r e p r e s e n t a t io n .  The t r a n s m is s io n  
c o e f f i c i e n t s  f o r  any g iv e n  Q w i l l  a ls o  depend on th e  boundary c o n d i t i o n  
f o r  th e  t r a n s m i t t e d  wave (Fuchs e t  a l ,  19 8 5 ) .  T h is  method c la im s  f o r  
i t s  advan tages t h a t  i t  i s  n e i t h e r  r e s t r i c t e d  to  d i s p e r s io n  r e l a t i o n s  
w h ich  a re  p o ly n o m ia ls  i n  th e  wavenumber k ,  no r  t o  plasma g r a d ie n ts  
w h ich  a re  l i n e a r  i n  th e  s p a t i a l  v a r i a b l e  x .
A d i f f e r e n t  approach was adop ted  by C a irn s  and Lashm ore-D avies 
( C .L - D . )  (1983) who assumed t h a t  a c e r t a i n  c la s s  o f  c o u p l in g  e v en ts  
i s  more n a t u r a l l y  d e s c r ib e d  by a p a i r  o f  c o u p le d  f i r s t  o rd e r  e q u a t io n s .  
They c o n s id e re d  a l o c a l  d i s p e r s io n  r e l a t i o n  o f  th e  form
•18-
(u) -  üjj ) (o) -  0)^) = n ( 1 . 10 )
where  ^ ( k , x )  a re  smooth d i f f e r e n t i a b l e  f u n c t io n s  o f  k and x ,  and 
n i s  a s m a l l  p o s i t i v e  q u a n t i t y .  I t  i s  i n s t r u c t i v e  he re  to  r e f e r
fo rw a rd  to  F ig .  2.1 i n  S e c t io n  2 .1  w h ich  shows the  t y p i c a l  shape o f
th e  model w -k  d is p e r s io n  c u rv e s  g iv e n  by ( 1 . 1 0 ) .  A t p o in t s  A o r  B 
on th e  d iag ram , th e  two uncoup led  modes w  ^ and w 3, w h ich  a re  
re p re s e n te d  by the  d o t te d  l i n e s ,  c r o s s .  The presence  o f  th e  s m a l l  
pa ram e te r  q le a d s  to  th e  c h a r a c t e r i s t i c  shape o f  th e  d is p e r s io n  
cu rv e s  i n  the  ne ighbourhood  o f  a mode c r o s s in g  p o in t  A as shown.
I f  a wave a t  f i x e d  f re q u e n cy  p ro p a g a te s  th ro u g h  the  inhomogeneous
p lasm a, then  c o u p l in g  ta ke s  p la c e  i n  th e  v i c i n i t y  o f  a p o in t  x^ a t  
wh ich  th e  wavenumbers I<j(cOq,x) and k 2(u )^ ,x )  o f  th e  uncoup led  modes 
have a common va lu e  k ^ . The d is p e r s io n  r e l a t i o n  ( 1 .1 0 )  i s  then  
expanded about th e  p o in t  (k g ,X g )  w r i t i n g
k = k g + 6 , X = X g + C .
We have , to  f i r s t  o rd e r  i n  th e  T a y lo r  e x p a n s io n ,
o)j = W Q+a6 + b S ,  = W g + fô + g ^
where a , b ,  f  and g a re  th e  a p p r o p r ia t e  p a r t i a l  d e r i v a t i v e s  o f  w^ 
and Wg e v a lu a te d  a t  th e  p o in t  ( k q ,X o ) .  Then around x ^ ,  k i s  g iv e n  
as a f u n c t i o n  o f  p o s i t i o n  by
(ak  -  akjj + bÇ) ( f k  -  fk o  + gÇ) = ( 1 . 11)
where q = q (k  ,x  ) .0 0 ' 0
I n  o rd e r  t o  c a l c u l a t e  t r a n s m is s io n /c o n v e r s io n  c o e f f i c i e n t s ,
( 1 .1 1 )  must be a s s o c ia te d  w i t h  a d i f f e r e n t i a l  e q u a t io n .  The f a c t
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t h a t  we a re  d e a l in g  w i t h  two modes w h ich  d e -c o u p le  as ->■ 0 i n
( 1 . 11) s u g g e s ts  in t r o d u c in g  two wave a m p l i tu d e s  (p  ^ and cpj in s te a d  
o f  j u s t  one. C o u p l in g  between th e  two waves cp j and i s  then  
d e s c r ib e d  i n  a sym m etr ic  way by th e  p a i r  o f  f i r s t  o rd e r  O .D .E 's
clcPx = iXcpj
l ü f  -  5 ) 9 ,  = iX ? ,
> (1 .12)
where À = ( q ^ / a f ) ? .
Fo r th e  case where b o th  waves have p o s i t i v e  group v e l o c i t i e s ,
i . e .  a , f  > 0 , i t  i s  seen from  ( 1 . 1 2 ) t h a t
^  ( i 9 , f  + k a f  ) = 0.  ( 1 . 1 3 )
The case where one wave i s  backward p ro p a g a t in g  i s  a ls o  t r e a te d  
by C .L -D . (1 9 8 3 ) .  Thus, i f  th e  wave a m p l i tu d e s  a re  rega rded  as 
b e in g  n o rm a l is e d  i n  such a way t h a t  |cp^i^ , i  = 1 , 2 , a re  th e  energy 
f l u x e s ,  we have energy  c o n s e r v a t io n .  E q u a t io n s  ( 1 .1 2 )  a re  then  
combined to  form  W eber's  e q u a t io n  from  whose a s y m p to t ic  s o lu t i o n s  
we o b ta in  th e  t r a n s m is s io n  c o e f f i c i e n t  T. T h is  g iv e s  th e  f r a c t i o n  
o f  i n c i d e n t  energy  wh ich  i s  t r a n s m i t t e d  on th e  same mode as
w h i le  th e  f r a c t i o n  c o n v e r te d  i n t o  th e  o th e r  mode i s  1 -T .  The C .L -D . 
method i s  easy to  a p p ly  s in c e  i n  p r a c t i c e  i t  in v o lv e s  e le m e n ta ry  
a lg e b r a ic  m a n ip u la t io n s  o f  th e  l o c a l  d i s p e r s io n  r e l a t i o n  to  p u t  i t  
i n  th e  fo rm  ( 1 . 11) ,  from  w h ich  th e  p a ra m e te rs  a, b , g, f  and q^ 
a re  then  i d e n t i f i e d .  However, th e  method i s  l i m i t e d  t o  d i s p e r s io n
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r e l a t i o n s  w h ich  a re  p o ly n o m ia ls  i n  k ,  and l i n e a r  v a r i a t i o n s  i n  plasma 4s
p a ra m e te rs .  Bo th  th e  C .L -D . and Fuchs e t  a l  approaches have been 
shown to  rep roduce  r e s u l t s  o b ta in e d  by s o p h is t i c a t e d  m a th e m a t ic a l  
t r e a tm e n ts  o f  h ig h e r  o rd e r  d i f f e r e n t i a l  e q u a t io n s .  The r e l a t i v e  
m e r i t s  o f  th e  two methods a re  assessed i n  a j o i n t  s tu d y  (Lashm ore- 
D a v ie s ,  C a irn s  and Fuchs, 1985) o f  a mode c o n v e rs io n  between th e  
f a s t  and s low  ion- c y c lo t r o n  waves i n  a plasma w i t h  a l o n g i t u d i n a l l y  
inhomogeneous e q u i l i b r i u m  m a g n e t ic  f i e l d .
So f a r ,  second o rd e r  t h e o r ie s  a re  a b le  t o  e x t r a c t  i n  a s im p le  
way th e  same a s y m p to t ic  c o n n e c t io n  fo rm u la e  which have p r e v io u s ly  
been d e r iv e d  from  h ig h e r  o rd e r  O .D .E 's .  However, s in c e  th e  s t a r t i n g  
p o in t  f o r  these  t h e o r ie s  i s  a reduced  d is p e r s io n  r e l a t i o n ,  i t  i s  
n o t  c l e a r  w he the r and how th e  a m p l i tu d e s  a p p e a r in g  i n  th e  second 
o rd e r  e q u a t io n s  a re  r e l a t e d  to  th e  p h y s ic a l  e l e c t r i c  f i e l d  a m p l i tu d e s  
i n  th e  mode c o n v e rs io n  r e g io n .  In  t h i s  t h e s i s ,  we examine a mode 
c o n v e rs io n  between th e  two c o ld  p lasma e le c t r o m a g n e t ic  waves f o r  
w h ich  th e  e x a c t  g o v e rn in g  e q u a t io n  i s  a f o u r t h  o rd e r  O .D .E. I t  w i l l  
be shown f o r  t h i s  p rob lem  t h a t  th e  f i e l d  a m p l i tu d e s  i n  th e  mode 
c o n v e rs io n  can be o b ta in e d  from  th e  s o l u t i o n s  o f  a second o rd e r  
e q u a t io n ,  th u s  p r o v id in g  an e x te n s io n  to  th e  p r e v io u s  t h e o r y .
1 .5  O u t l i n e  o f  th e  T hes is
F i r s t l y ,  i n  C hap te r  2, we examine th e  c o ld  plasma h y b r id  
resonances and show t h a t  th e se  have a mode c o n v e rs io n  i n t e r p r e t a t i o n  
i n  th e  framework o f  th e  C .L -D .  m ode l.  The rem a inde r o f  th e  work
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i s  concerned w i t h  a mode c o n v e rs io n  between the  f a s t  and s low  c o ld  
plasma waves i n  th e  lo w e r  h y b r id  f re q u e n c y  range . In  C hap te r  3 
we show t h a t  t h i s  phenomenon d e te rm in e s  th e  a c c e s s i b i l i t y  o f  th e  
s low  wave to  th e  lo w e r  h y b r id  resonance . A second o rd e r  a p p ro x im a t io n  
to  th e  d is p e r s io n  r e l a t i o n  i n  th e  c o u p l in g  r e g io n  i s  a s s o c ia te d  w i t h  
a second o rd e r  O .D .E . ,  W eber 's  e q u a t io n ,  from  w h ich  t r a n s m is s io n  
and c o n v e rs io n  c o e f f i c i e n t s  a re  then  o b ta in e d  i n  v a r io u s  cases .
The e f f e c t  o f  i n c lu d in g  a m a g n e t ic  f i e l d  g r a d ie n t  i n  the  c a l c u l a t i o n  
i s  a ls o  c o n s id e re d .
N e x t ,  i n  Chap te r 4 ,  we w r i t e  down th e  e x a c t  f o u r t h  o rd e r  system 
o f  O .D .E 's  f o r  the  p ro b le m , and use a l i n e a r  t r a n s fo r m a t io n ,  wh ich  
i s  an e x te n s io n  o f  t h a t  g iv e n  by Heading (1 9 6 1 ) ,  t o  e x t r a c t  a second 
o rd e r  O .D .E . d e s c r ib in g  th e  c o u p l in g  p ro c e s s .  App rox im a te  
e x p re s s io n s  f o r  the  e le c t r o m a g n e t ic  f i e l d s  a re  then  g iv e n ,  v ia  ou r  
t r a n s fo r m a t io n ,  i n  te rm s o f  a m p l i tu d e s  a s s o c ia te d  w i t h  th e  second 
o r d e r  e q u a t io n .
F i n a l l y ,  i n  C hap te r  5 , we compare t r a n s m is s io n  c o e f f i c i e n t s  
o b ta in e d  from n u m e r ic a l  i n t e g r a t i o n  o f  th e  e x a c t  f o u r t h - o r d e r  system 
w i t h  th o s e  o b ta in e d  from  ou r  second o rd e r  th e o ry  o f  C hap te r  3. A ls o ,  
th e  a p p ro x im a te  e x p re s s io n s  f o r  th e  e le c t r o m a g n e t ic  f i e l d s ,  g iv e n  
i n  C hap te r  4 , a re  compared a c ro s s  th e  mode c o n v e rs io n  re g io n  w i th  
th e  e x a c t  f i e l d  s o lu t i o n s  o f  th e  f o u r t h  o rd e r  e q u a t io n s .
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CHAPTER 2 
THE HYBRID RESONANCES IN  A COLD PLASMA
2.1 The C .L -D . mode c o n v e rs io n  model
In  t h i s  c h a p te r ,  the  mode c o u p l in g  th e o ry  o f  C a irn s  and
Lashm ore-Dav ies  (1983) i s  used to  examine th e  t r a n s m is s io n  p r o p e r t i e s  
o f  c u to f f - r e s o n a n c e  d o u b le ts .  These e x i s t  i n  la y e r s  o f  plasma where 
th e  i n c i d e n t  wave f re q u e n c y  to becomes e q u a l to  one o f  th e  h y b r id  
f r e q u e n c ie s ,  to^, d e f in e d  by s e t t i n g  Gj equa l t o  z e ro .  For c e r t a i n  
v a lu e s  o f  p lasma p a ra m e te rs ,  th e  c u t o f f  and resonance p o in t s  may be 
c l o s e l y  spaced i n  w h ich  case s i g n i f i c a n t  t r a n s f e r  o f  wave energy
th ro u g h  th e  evanescent l a y e r  i s  e xp e c te d .
C ons ide r  two in d e p e n d e n t ly  p ro p a g a t in g  d is tu rb a n c e s  d e s c r ib e d
by
d<Pj
H- i a  (x)cp. r  0 ; j  = 1 ,2  ( 2.1 )gj dx j
where v ^ j  i s  th e  group v e l o c i t y  o f  mode (p^  and f u n c t io n s  a u (x )  a re  
de te rm in e d  by plasma in h o m o g e n e i ty .  C .L -D . have used th e  model 
e q u a t io n s
= i ( n ) " c p 2
^92 ^  + ia2(x)cp2 = i ( n ) > i
(2 . 2 )
t o  d e s c r ib e  p ro p a g a t io n  i n  re g io n s  where (p^  and cp2 a re  c o u p le d .  The 
l o c a l  d is p e r s io n  r e l a t i o n  a s s o c ia te d  w i t h  ( 2 . 2 ) i s
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(v  k + a , ( x ) ) ( v  k + a z i x ) )  = n ( 2 . 3 )9 i  92
where th e  l e f t  hand b r a c k e ts  r e f e r  t o  th e  d is p e r s io n  o f  th e  two
in depe nden t p ro p a g a to rs  ( 2 . 1 ) .  Note t h a t  C . L - D , 's  a n a ly s is  o f  ( 2 . 2 )
p e r t a in s  to  f u n c t io n s  a . ( x )  w h ich  a re  l i n e a r  i n  x .  In  p r a c t i c e ,  th e  
C .L -D . method c o n s is t s  f i r s t l y  o f  i d e n t i f y i n g  the  a s y m p to t ic  
d i s p e r s io n  o f  th e  two p ro p a g a t in g  modes. One must then  f a c t o r  the  
d i s p e r s io n  r e l a t i o n  ( u s u a l l y  a b i q u a d r a t i c  i n  k )  i n  th e  fo rm  ( 2 .3 )  
to  e x t r a c t  the  a p p r o p r ia te  c o e f f i c i e n t s .  However, i f  mode 1 , say , 
i s  a s y m p t o t i c a l l y  re s o n a n t ,  th e n  th e  ta s k  o f  f a c t o r i s a t i o n  i s  
p a r t i c u l a r l y  s im p le  because i n  t h i s  case ( 2 .3 )  becomes
3 j ( x ) ( V g 2 k  + 3 2 ( x ) )  = n ( 2 . 4 )
where a , ( x )  i s  y ie ld e d  d i r e c t l y  from  th e  re so n a n t  te rm s o f  the  
o r i g i n a l  d is p e r s io n  r e l a t i o n .
We w i l l  c o n s id e r  a geom etry  i n  w h ich  the  m agne t ic  f i e l d  s t r e n g th  
and ( o r )  d e n s i t y  va ry  i n  a d i r e c t i o n  p e r p e n d ic u la r  to  th e  f i e l d  so 
t h a t  n „ , th e  p a r a l l e l  r e f r a c t i v e  in d e x  a lo n g  the  f i e l d  d i r e c t i o n ,  
i s  conse rved , w h i le  th e  e v o lu t i o n  o f  th e  p e r p e n d ic u la r  wavenumbers 
i s  g iv e n  by th e  r o o ts  o f  the  c o ld  plasma d is p e r s io n  r e l a t i o n
E ,n ^  -  [ ( e ,  + £3 ) ( £ i  -  nf,) -  e iJ n J  + e a ( ( e i  -  n,^)^ -  e i )  = 0 .
(2.5)
At p o in t s  where e, becomes z e ro ,  one o f  th e  r o o ts  o f  ( 2 . 5 )  has an 
i n f i n i t y  w h i le  th e  o th e r  rem a ins  f i n i t e .  The g e n e ra l  p ro ce d u re
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w h ich  we a p p ly  to  these  re s o n a n t  mode prob lem s i s  f i r s t l y  to  e x t r a c t  
from  ( 2 . 5 )  th e  re so n a n t  s o l u t i o n  and n o te  t h a t  i t  i s  o f  th e  form
, ( 2 .6 )I  0)' Ü) -  w;h
We then  w r i t e  t h i s  as
(o)^ -  ü j^ )k^c^/ü )^  = A n -
where th e  l e f t  hand b r a c k e t  re p r e s e n ts  th e  re so n a n t  ( i . e .  non­
p ro p a g a t in g )  mode, and expand abou t the  resonance to  f i r s t  o rd e r  
in  X w i t h
c o ^ - 0)^ = Ax, A z Ag + A^x
so t h a t
A , .  ( 2 . 7 )
The "mode c o n v e rs io n "  p o in t  a t  w h ich  th e  two uncoup led  s o lu t i o n s  
i d e n t i f i e d  w i t h  the  l e f t  hand b r a c k e ts  c ro s s  i s  g iv e n  by
( k f , x )  = (k% ,0 ) ;  kg =
C o n c e n t ra t in g  on th e  wave w i t h  p o s i t i v e  k , ,  we may w r i t e  ( 2 . 7 )  in  
th e  v i c i n i t y  o f  the  c ro s s o v e r  p o i n t  as
= 2 0 X  • ( 2 .B)
C le a r l y  ( 2 . 8 )  i s  a s p e c ia l  case o f  th e  g e n e ra l  form d e s c r ib e d  i n  
C hap te r  1, and so we can use C .L - D 's  r e s u l t  to  o b t a in  the  f r a c t i o n  
o f  i n c i d e n t  energy t r a n s m i t t e d  th ro u g h  th e  evanescent r e g io n  between 
th e  resonance and c u t o f f  p o i n t s .  T h is  i s
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I f  th e  wave i s  i n c id e n t  from  th e  t r a n s m is s io n  s id e  o f  the  c u t - o f f ,  
th e re  w i l l  a ls o  be r e f l e c t i o n .  C .L -D .  have g iv e n  a s im p le  
j u s t i f i c a t i o n ,  based on c a u s a l i t y ,  f o r  t r e a t i n g  mode c o n v e rs io n  
w h ich  o c cu rs  between b ranches  a t  a nonzero  k , s e p a r a te ly  from th e  
r e f l e c t i o n  wh ich  may s u b s e q u e n t ly  o c c u r  a t  a n e ig h b o u r in g  c u t o f f .
The argument says t h a t  a m ode -conve rte d  wave canno t be r e f l e c t e d  
u n t i l  i t  has f i r s t  been e x c i t e d  by th e  in c id e n t  wave. T h is  a l lo w s  
us t o  t r a c e  the  i n c id e n t  wave energy  th ro u g h  a l l  th e  a c c e s s ib le  
b ranches  i n  th e  f o l l o w in g  manner. C o n s id e r  F ig .  2.1 w h ich  shows 
t y p i c a l  d is p e r s io n  cu rv e s  f o r  a wave re s o n a n t  a t  (j l) = Energy
i n c id e n t  from  the  r e g io n  > 1 w i l l  f i r s t l y  e n co u n te r  th e
c o u p l in g  r e g io n  A where a f r a c t i o n  T i s  t r a n s m i t t e d  on th e  p ro p a g a t in g  
b ra n c h ,  w h i le  th e  rem a inde r 1-T p roceeds  t o  th e  c u t o f f  C and i s  
r e f l e c t e d  t h e r e .  A l l  o f  the  r e f l e c t e d  energy  then  proceeds to  the  
n e x t  c o u p l in g  re g io n  B where a f u r t h e r  f r a c t i o n  T i s  t r a n s m i t t e d  
on to  th e  re s o n a n t  b ra n c h ,  so t h a t  th e  m ode-conve rted  energy  i s  
T ( 1 - T ) ,  w h i le  th e  f r a c t i o n  o f  energy  c o n v e r te d  to  the  backward 
p ro p a g a t in g  c o u n te r p a r t  o f  th e  i n c id e n t  wave i s  ( 1 - T ) ^ .  Thus the  
r e f l e c t i o n  c o e f f i c i e n t  i n  t h i s  case i s  g iv e n  by
R = ( 1 - T ) :  ( 2 .1 0 )
and th e  f r a c t i o n  o f  energy  fe d  to  th e  p a r t i c l e s  in  th e  fo rm  o f  
e l e c t r o s t a t i c  o s c i l l a t i o n s  a t  f re q u e n c y  w = i s
A = T ( 1 - T ) .  ( 2 .1 1 )
( 1 - T )
1 _
T ( 1 - T )
k
F ig u re  2.1 T y p ic a l  d is p e r s io n  c u rv e s  For a wave w h ich  i s  re so n a n t  
a t  a h y b r id  Frequency .
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C le a r l y  A can never exceed 25%.
On th e  o th e r  hand, th e  c u t o f f  C i s  n o t  a c c e s s ib le  to  wave 
energy  in c id e n t  from th e  re g io n  w/to^ < 1 , so f o r  t h i s  case we have
R = 0 and A = 1 -T . ( 2 .1 2 )
Note he re  t h a t  a b s o r p t io n  can be t o t a l .  F i n a l l y  we remark t h a t  ( 2 .9 )  
and th e  arguments le a d in g  t o  ( 2 . 10 ) ,  ( 2 . 11 ) and ( 2 . 12 ) p r e d i c t  th e  
same t r a n s m is s io n  and r e f l e c t i o n  c o e f f i c i e n t s  as wou ld  be o b ta in e d  
by t r e a t i n g  th e  t u n n e l l i n g  p rob lem  in  th e  u s u a l way w i t h  Sudden 's 
e q u a t io n  (see Budden, 1961, p . 4 7 6 ) .
A p p l i c a t i o n s  :
2 .2  The upper h y b r id  resonance
We c o n s id e r  an e q u i l i b r i u m  i n  w h ich  th e  d e n s i t y  i s  u n i fo rm  and 
where th e  e x te r n a l  m agne t ic  f i e l d  i s  g iv e n  by
B = B Î ,  B = B „ f l  + i l  .
In  the  s im p le  case o f  p e r p e n d ic u la r  p r o p a g a t io n ,  th e  d is p e r s io n  
r e l a t i o n  f o r  th e  X-mode i s
2 (w^ -  )
P
where the  e le c t r o n  c y c lo t r o n  f re q u e n c y ,  v a r ie s  as 
Q = ^ n l l  + -Sl w i t h  0)  ^ = (jo^  + .
The r e s u l t i n g  d is p e r s io n  cu rv e s  a re  ske tch e d  i n  F ig .  2 .2 .  I f  
then th e  upper h y b r id  f re q u e n c y  i s  c lo s e  to  the  c u t o f f  Wj and th e re
Figure 2.2
ui
lU u h
D is p e r s io n  cu rv e s  f o r  X-mode a t  p e r p e n d ic u la r  in c id e n c e  where o) ,1 un
(w^ + and 0)^ r  ^  .
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Real p a r t  o f  p e rp e n d ic u la r  r e f r a c t i v e  in d e x  as a f u n c t io n  o f  d is ta n c e  
from  th e  resonance . Wave ene rgy  i n c i d e n t  from  th e  low  f i e l d  s id e  i s  
p a r t i a l l y  t r a n s m i t t e d ,  r e f l e c t e d  and m ode -conve rte d .
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can be s i g n i f i c a n t  t r a n s m is s io n  th ro u g h  th e  evanescent l a y e r .  
F o l lo w in g  th e  method o f  S e c t io n  2 .1 ,  we w r i t e  ( 4 .1 3 )  as
) (k^  -  w ^ /c ^  ) =  Ç- (w^ - cjo^ )P -  c p
t  t
re so n a n t  s o l u t i o n  vacuum s o lu t i o n
In  th e  v i c i n i t y  o f  th e  mode c o n v e rs io n  p o in t  ( k , , x )  = ( w / c , 0 )  t h i s  
becomes
X ( k , -  w / c ) = / 4cP
and so , from  ( 2 .8 )  and ( 2 . 9 ) ,  th e  t r a n s m is s io n  c o e f f i c i e n t  a t  
p e r p e n d ic u la r  in c id e n c e  i s  g iv e n  by
T = exp
'' ïïRcü  ^ ^P
I  2c (w 2 + 0§)2
(2.14)
I n t r o d u c in g  a nonzero  n „  m e re ly  c o m p l ic a te s  th e  d i s p e r s io n  r e l a t i o n  
w h ich  i s  s t i l l  o f  th e  g e n e ra l  fo rm  ( 2 . 6 ) .  The re so n a n t  s o l u t i o n  o f
( 2 . 5 )  i s  g iv e n  by
c '  _  C +  D
-  w" -  p
where
C = ( ( e ,  + Eg ) ( E ,  - n f , )  -  e | ) .......-..
D = [ ( ( £ i  -  Eg ) (e^ -  nf,) -  g | ) ^  + 4EgE2n%]? ^
and
(0^
E' = 1 -  ’ ^2 = -  , E3 = 1 -  jjÇ- .
(2 .15)
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As u s u a l ,  we w r i t e  ^  (1 + 2 x /R )  i n  ( 2 . 1 5 ) ,  expand ing  C, D and
0)2 -  (jq2 -  0 ( x ) .  T h is  g iv e s
P
2 V
Z, .2
_ & P2 üP*
( 1 + nf, ) + 2 ( 1 -  nf, ) 1 + ojH  R
1 + n ^ )  4- 2 ^  ( T :  W
end 0)2 -  0)2 -  P - 20; R ( 2 . 1 6 )
S u b s t i t u t i o n  o f  ( 2 .1 6 )  i n t o  ( 2 .1 5 )  f i n a l l y  y i e l d s  th e  s ta n d a rd  
d is p e r s io n  r e l a t i o n  in  th e  v i c i n i t y  o f  th e  c o n v e rs io n  p o in t  ( k ^ jO ) ,
x ( k j ^ - k p )  = R (1 + n f , )
where
The c o r re s p o n d in g  t r a n s m is s io n  c o e f f i c i e n t  i s  then
T = exp
ttRcjj  ^( 1 + nf, )^
2k , c ( 2 .1 7 )
w i t h  kp as above. The b e h a v io u r  o f  ( 2 .1 7 )  i s  i l l u s t r a t e d  i n  F ig .  2 .3  
where th e  numbers l a b e l l i n g  th e  c u rv e s  a re  v a lu e s  o f  Rw^/Cwc), th e  
t r a n s m is s io n  c o e f f i c i e n t  depend ing  o n ly  on t h i s  c o m b in a t io n  o f  
pa ram e te rs  i f  «  1, U n less  t h i s  c o n d i t i o n  i s  s a t i s f i e d ,  T i s
e s s e n t i a l l y  ze ro  f o r  re a s o n a b le  v a lu e s  o f  th e  s c a le  le n g th  R.
From th e  argum ents d is c u s s e d  e a r l i e r ,  i t  can be shown th a t  f o r  
a wave i n c i d e n t  from  th e  low f i e l d  s id e  t h e r e  i s  a r e f l e c t i o n
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F ig u re  2 .3  T ra n sm is s io n  c o e f f i c i e n t s  a i  th e  upper h y b r id  resonance .
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c o e f f i c i e n t  g iv e n  by R = ( 1 - T ) ^ ,  w h i le  f o r  in c id e n c e  from th e  h ig h  
f i e l d  s id e  th e re  i s  no r e f l e c t i o n .  P re v io u s  a u th o rs  t o  t r e a t  th e  
upper h y b r id  resonance have ta k e n  a d i f f e r e n t  e q u i l ib r i u m  in  wh ich 
th e  d e n s i t y  v a r ie s  and th e  m a g n e t ic  f i e l d  i s  u n i fo r m .  W h ite  and 
Chen (1974) have d is c u s s e d  th e  p rob lem  i n  th e  c o n te x t  o f  Sudden 's  
e q u a t io n  w h i le  Kuehl e t  a l .  (K u e h l ,  1967; Kuehl e t  a l . ,  1970;
S h o u c r i  and K u e h l,  1981) matched a s y m p to t ic  s o lu t i o n s  o f  a f o u r t h  
o r d e r  e q u a t io n  i n c lu d in g  th e rm a l  e f f e c t s  o n to  s m a l l  argument 
a p p ro x im a t io n s  to  the  s o lu t i o n s  o f  Sudden 's  e q u a t io n .  A ls o ,  Tang 
(1970) t r e a te d  the  c o n to u r  i n t e g r a l  r e p r e s e n ta t io n  o f  th e  s o lu t i o n s  
o f  a f o u r t h  o rd e r  O .D .E. by th e  method o f  s te e p e s t  descen ts  t o  o b t a in  
c o n n e c t io n  fo rm u la e .
2 .3  The tw o - io n  h y b r id  resonance
A re s o n a n t  f re q u e n c y  i n  th e  io n  c y c lo t r o n  range i s  th e  i o n -  
io n  (Buchsbaum) resonance w h ich  o n ly  o cc u rs  when two o r  more io n  
sp e c ie s  o f  d i f f e r i n g  charge  t o  mass r a t i o s  a re  p r e s e n t .  The 
f re q u e n c y  f o r  two io n  s p e c ie s  i s
“ i i  = '2 . 1 8 )
where n^ i s  th e  number d e n s i t y ,  and m^, q^ a re  th e  mass and charge 
numbers o f  s p e c ie s  i ; i  = 1 , 2 .
We b e g in  by d e r i v i n g  an a p p ro x im a te  d i s p e r s io n  r e l a t i o n  f o r  
waves i n  th e  fre q u e n cy  range Q j < co < ST The wave e q u a t io n  in  a 
c o ld ,  homogeneous m agne t ised  plasma can be w r i t t e n  i n  m a t r i x  fo rm  as
j
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1G2
n ,n „
El -  nf, -  n f
n j . n ,
0
E
=  0 , ( 2 .1 9 )
In  th e  Frequency range o f  i n t e r e s t ,  w «  so t h a t  je a l  » | n f | ,  
I n ^ n „ I , and |E^| «  | E ^ | ,  | E y | .  W ith  these  a p p ro x im a t io n s  ( 2 .1 9 )  
becomes
102
-102
n f  -  n f
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y i e l d i n g  th e  f o l l o w in g  d i s p e r s io n  r e l a t i o n  f o r  the  f a s t  m agne toson ic  
(c o m p re s s io n a l  A l f v é n )  wave.
where
n= = (E, -  n f )
0)  ^ 0)^Pi P2
"  u F Z H f"  -  '
( 2 . 20)
E 2
0)  ^ ST.0)pe Pi ' p 2
wST w(w^ -  STf ) "  w(w'  -  STH
0)^ CO CO^  CO
-  STf(co"- STf ) "  ST2(co"-ST^) "
W h ile  a p p ro x im a t io n  ( 2 .2 0 )  p re s e rv e s  th e  c o r r e c t  b e h a v io u r  f o r  th e  
f a s t  wave c u t o f f s  and i s  v a l i d  i n  re g io n s  away from resonance , i t s  
form means t h a t  the  p o s i t i o n  o f  th e  resonance i s  now a fu n c t io n  o f
' i i " T h is  i s  i n c o r r e c t  as can be seen from th e  f u l l  d is p e r s io n
r e l a t i o n  ( 2 .5 )  and e x p re s s io n  ( 2 . 1 8 ) .  In  ou r  s la b  geom etry , th e
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p o s i t i o n  o f  a resonance must be in depe nden t o f  n „  s in c e  we a re  
c o n s id e r in g  p ro p a g a t io n  a t  f i x e d  n „  i n  w h ich  case the  d i r e c t i o n  o f  
wave p ro p a g a t io n  i s  n o t  c o n s ta n t .  Thus as n f  -+ <», th e  wave v e c to r  
tends  t o  become p e r p e n d ic u la r  to  th e  m agne t ic  f i e l d  d i r e c t i o n  and 
so th e  resonance a t  f i n i t e  n „  appears  th e  same as f o r  p e r p e n d ic u la r  
i n c id e n c e .  We n e v e r th e le s s  use ( 2 .2 0 )  f o r  th e  purpose o f  a n a ly s is  
b e a r in g  i n  mind t h a t  i t  models a h y b r i d  la y e r  t h i c k e r  than  th a t  
d e s c r ib e d  by th e  re s o n a n t  s o l u t i o n  o f  ( 2 . 5 ) .
I n t r o d u c in g  th e  n o t a t i o n
a = S jjla , y  _ OjüLi andP iO j bzm,
P = 1<M = kÜZ ~ ”  wP i
where v^ i s  th e  A l f v é n  speed o f  s p e c ie s  1, the  re sonan t f re q u e n cy  i s  
d e te rm in e d  by th e  c o n d i t i o n
El  -  n f  = 0
w hich  g iv e s
[s ir] O ïï]  '  [^ 1 + «U + ^  (1 + P ^ ) ]  + = 0- ( 2 . 2 1 )
S o lv in g  (2 .2 1 )  we o b t a in  th e  f o l l o w i n g  e x p re s s io n  f o r  th e  tw o - io n  
h y b r id  f re q u e n cy  a t  f i n i t e  n „ ,
2(y(p + a) + p2)
( 2 . 22)
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We i n v e s t i g a t e  o n ly  th e  case where s p e c ie s  2, say , i s  p re s e n t  i n  s m a l l  
c o n c e n t r a t io n  and expand ( 2 . 2 2 ) f o r  s m a l l  a to  o b t a in
cof11 #  0  -  ^ (2 .2 3 )
As b e fo r e ,  we c o n s id e r  a u n i fo rm  d e n s i t y  p r o f i l e  and ta ke  a l i n e a r
f i e l d  v a r i a t i o n ,  l e t t i n g  th e  c y c lo t r o n  f re q u e n cy  v a ry  as
TTj = ^ 10(1 + x /R ) .  The d is p e r s io n  r e l a t i o n  ( 2 .2 0 )  i s  now expanded
about th e  resonance (x  = 0 ) remembering t h a t  U)^  =
F i r s t l y ,
2w'
E - n , P i X
( 1 + a p ) f  4- ( ( p ^  + 1 ) f  -  2)
f ( f - l ) ( p 2 f -  1) R ( f - 1
(2 .2 4 )
A ls o ,
^ p i  I 
1 0
a +
( f  -  1 ) ( p ^ f  -  1 )
1 + 2x f -1 p2 f -1
a +
(1 + o t ) f  -  a  +
( 2 .2 5 )
Upon s u b s t i t u t i o n  o f  ( 2 . 2 4 ) ,  ( 2 .2 5 )  i n t o  (2 .2 0 )  and keep ing  th e  0 ( 1/ x )  
and 0 ( 1 ) te rm s ,  we o b t a in
«  &  + ^1 ^ 
1 X
where
0) Rf^y"* I ( 1  + a ) f  -  la +P i
^0 “  20210 ( f  -  1 ) ( y ^ f  -  1 ) ( 1 + a y ) f  + ( ( y^ + 1 ) f 2 )
A, = 2A, 1 1+
2 a
f -1 y % f-1 +  1 - _P(1 + a ) f  -  a +
> (2.26)
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For s m a l l  a ,  ( 2 .2 6 )  becomes, upon s u b s t i t u t i n g  f o r  f  from ( 2 . 2 3 ) ,
p i0 202 
1 0
Rap -  p + (1 - p 2 ) p 2p 2 + (1 -  p 2)p and
^ p i  f p^ -  p + (1 -  p ^ ) p ^  fp^ + p + ( 1 -  p 2 ) p 2
p 2  4- ( 1  _  p 2 ) p 2«% 1 -  u
Then th e  t r a n s m is s io n  c o e f f i c i e n t  f o r  th e  f a s t  wave a t  th e  m in o r i t y  
tw o - io n  h y b r id  resonance i s  g iv e n  by
T = exp(-TTp) where
p .  “  A,. «  a  V  F  -  -  (1 - ; : ) p : l  1 -  w ' 1 ^c ^2 2c t  + (1 -  p 2) p 2 J [y  + p 2 + (1 -  p 2)p 2_
(2 .2 7 )
to  f i r s t  o rd e r  i n  a .  As k „  in c r e a s e s ,  r\ goes to  ze ro  and the  mode 
c o n v e rs io n  ceases.
In  the  case o f  a d e u te r iu m  plasma w i t h  hydrogen im p u r i t i e s ,  
p = 7 and (2 .2 7 )  becomes
aw R_ P 1 -  3p
■ 2c h  + 3p2
1
1 -f p2 J
T h is  i s  th e  c o ld  plasma l i m i t  o f  a r e s u l t  o b ta in e d  by Swanson (1980) 
i n  a s tu d y  o f  th e  e f f e c t s  o f  l o c a l i s e d  a b s o r p t io n  on the  mode 
c o n v e rs io n  p ro c e s s .  In  a warm p lasm a, the  f a s t  wave s o l u t i o n  
co n n e c ts  sm oo th ly  o n to  the  e l e c t r o s t a t i c  B e r n s te in  mode (Swanson, 
1976) and a l l  o f  th e  energy  l o s t  from  th e  f a s t  wave ends up on th e  
s low  b ranch  w h ich  u l t i m a t e l y  h e a ts  th e  e le c t r o n s  v ia  e le c t r o n  Landau 
damping. However, S t i x  (1975) showed t h a t  w i t h  a m in o r i t y  s p e c ie s ,
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th e  tw o - io n  h y b r id  resonance can o c c u r  s u f f i c i e n t l y  c lo s e  to  th e  
m in o r i t y  io n  c y c lo t r o n  f re q u e n c y  so t h a t  th e  l o c a l  l e f t  handed 
e l e c t r i c  f i e l d  component o v e r la p s  th e  a b s o r p t io n  r e g io n  le a d in g  to  
s t r o n g  h e a t in g  o f  th e  m i n o r i t y  i o n s .  Swanson (1980) s e t  o u t  to  
d e te rm in e  w he the r  th e  t o t a l  energy  l o s t  from  the  f a s t  wave i s  
in c re a s e d  by in c lu d in g  these  l o c a l i s e d  a b s o r p t io n  e f f e c t s .  What 
he fou n d ,  a f t e r  a c o m p l ic a te d  a n a ly s i s  i n v o l v i n g  the  n u m e r ic a l  
s o l u t i o n  o f  a f o u r t h  o rd e r  O .D .E . w i t h  a sou rce  te rm  on th e  r . h . s .  
to  r e p re s e n t  th e  a b s o r p t io n ,  was t h a t  th e  t r a n s m is s io n  c o e f f i c i e n t  
i s  n e v e r th e le s s  c o m p le te ly  c h a r a c te r i s e d  by our q u a n t i t y  r\ and t h a t  
th e  r e f l e c t i o n  c o e f f i c i e n t  f o r  in c id e n c e  from  th e  h ig h  f i e l d  s id e  
i s  s t i l l  z e ro .  However, th e  r e f l e c t i o n  c o e f f i c i e n t  f o r  low  f i e l d  
s id e  in c id e n c e  i s  le s s  than  i t s  z e ro  a b s o r p t io n  l i m i t  i f  ( 1 - T ) ^ .
We have shown t h a t  th e  h y b r i d  resonances may be t r e a t e d  w i t h i n  
th e  fram ework o f  C . L - D . 's  method, th e  t r a n s m is s io n  and r e f l e c t i o n  
c o e f f i c i e n t s  b e in g  g iv e n  by th e  same s im p le  fo rm u la e  as o th e r  mode 
c o u p l in g  p rob lem s . In  e f f e c t  we i n t e r p r e t  th e  p rob lem  as a mode 
c o n v e rs io n  from  an e le c t r o m a g n e t ic  wave t o  a n o n -p ro p a g a t in g  
e l e c t r o s t a t i c  mode l o c a l i s e d  a t  th e  resonance . R e s u l ts  o b ta in e d  
i n  t h i s  way can be v e r i f i e d  t o  be th e  same as those  o b ta in e d  i f  th e  
d is p e r s io n  r e l a t i o n  i s  a s s o c ia te d  w i t h  B udden 's  e q u a t io n .
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CHAPTER 3
MODE CONVERSION BETWEEN FAST AND SLOW LOWER HYBRID WAVES
3.1 A c c e s s i b i l i t y  o f  s low  waves t o  th e  lo w e r  h y b r id  resonance
In  the  c o ld  plasma a p p r o x im a t io n ,  two waves p ro p a g a te ,  one o f  
w h ich ,  th e  s lo w  mode, has a resonance a t  p o in t s  where plasma pa ram e te rs  
a re  such t h a t
fT Q.
= r n r  ^ “ lhpe e
In  a c o n s id e ra b le  number o f  e x p e r im e n ts  th e  s low  mode i s  used f o r  
h e a t in g  and f o r  c u r r e n t  d r i v e .
As i s  w e l l  known, ( S t i x ,  1962, p 64; G o la n t ,  1972) t h e r e  i s  a
c r i t i c a l  v a lu e ,  n ^ ,  o f  th e  p a r a l l e l  r e f r a c t i v e  in d e x  f o r  w h ich ,  i n  
s la b  geom e try ,  th e  f a s t  and s low  waves have th e  same p e r p e n d ic u la r  
r e f r a c t i v e  in d e x  a t  some p o i n t  between th e  plasma edge and the  
resonance . For v a lu e s  o f  n „  c lo s e  t o  n^ we may e xpec t p a r t i a l  mode 
c o n v e rs io n ,  w i t h  energy  i n c i d e n t  i n  one mode b e in g  s p l i t  between
th e  two modes a f t e r  p a s s in g  th ro u g h  th e  re g io n  where th e  two r o o ts
o f  h |  a re  a lm os t c o in c id e n t .  T h is  phenomenon d e te rm in e s  th e  
sha rpness  o f  th e  t r a n s i t i o n  between v a lu e s  o f  n „ f o r  wh ich  th e  
lo w e r  h y b r i d  resonance i s  a c c e s s ib le  to  th e  s low  wave and those  f o r  
w h ich  an i n c i d e n t  s low  wave i s  r e f l e c t e d  on th e  f a s t  mode.
Our aim i n  t h i s  c h a p te r  i s  t o  e s t im a te  th e  range o f  n „  o v e r  
w h ich  such an e f f e c t  i s  s i g n i f i c a n t .  F i r s t l y ,  th e  a c c e s s i b i l i t y  
c r i t e r i o n  p e r t a i n i n g  t o  a plasma i n  a u n i fo rm  m agne t ic  f i e l d  i s
r e - d e r i v e d .  N e x t,  we d is c u s s  th e  g e n e ra l  n a tu re  o f  th e  d i s p e r s io n  
r e l a t i o n  i n  th e  w -k^  p la n e  and f i n d  t h a t  t h i s  mode c o u p l in g  p rob lem  
i s  d i f f e r e n t  i n  c h a ra c te r  from  cases p r e v io u s ly  c o n s id e re d  by C a irn s  
and Lashm ore-D av ies  (1 9 8 3 ) .  An expans io n  about a sa d d le  p o in t  o f  th e  
d is p e r s io n  r e l a t i o n  i s  then  used t o  c o n s t r u c t  a model second o rd e r  
O .D .E . ,  W eber's  e q u a t io n ,  d e s c r ib in g  th e  c o u p l in g  p ro c e s s .  The 
e q u a t io n  has a f i r s t  i n t e g r a l  w h ich  i s  i n t e r p r e t e d  as a c o n s e rv a t io n  
la w ,  a l l o w in g  us to  i d e n t i f y  a m p l i tu d e s  a p p e a r in g  i n  th e  c o n n e c t io n  
fo rm u la  w i th  i n c i d e n t ,  t r a n s m i t t e d  and c o n v e r te d  wave a m p l i tu d e s .
In  t h i s  way, t r a n s m is s io n  and c o n v e rs io n  c o e f f i c i e n t s  a re  o b ta in e d .  
F i n a l l y  we a p p ly  th e  g e n e ra l  th e o r y  t o  cases i n v o l v i n g  v a r io u s  
s p a t i a l  g r a d ie n t s .  The r e s u l t  f o r  a plasma w i t h  a l i n e a r  d e n s i t y  
p r o f i l e  i n  a u n i fo rm  f i e l d  i s  g iv e n ,  w h i le  th e  i n c lu s io n  o f  a 
m agne t ic  f i e l d  g r a d ie n t  i n  th e  c a l c u l a t i o n  s h i f t s  th e  mode c o n v e rs io n  
re g io n  tow ards  th e  plasma edge.
The q u e s t io n  o f  ou r  somewhat ad hoc a r r i v a l  a t  a model second 
o rd e r  O .D .E. f o r  t h i s  p rob lem  i s  addressed  i n  Chap te r 4 .
We c o n s id e r  a t o k a m a k - l i k e  c o n f i g u r a t i o n  i n  w h ich  th e  s p a t i a l  
g r a d ie n ts  a re  taken  to  be p e r p e n d ic u la r  t o  th e  e x te r n a l  m agne t ic  
f i e l d  d i r e c t i o n .  Then l o c a l l y ,  n „ ,  th e  p a r a l l e l  r e f r a c t i v e  in d e x  
a lo n g  th e  f i e l d  d i r e c t i o n  may be ta k e n  t o  be c o n s ta n t  w h i le  n, 
v a r i e s .  Ray t r a c i n g  s t u d ie s  i n  t o r o i d a l  plasma (B o n o l i  and O t t ,
1982) have shown t h a t  n „  changes a lo n g  th e  ra y  due to  t o r o i d a l  
e f f e c t s ,  b u t  t h i s  can be n e g le c te d  i n  th e  s tu d y  o f  th e  l o c a l i s e d  
p ro c e s s  o f  mode c o n v e rs io n ,  rem em bering, however, t h a t  th e  n „  o f  
a wave when i t  undergoes c o n v e rs io n  may n o t  be t h a t  w i t h  wh ich  
i t  was la u n c h e d .
- 37.
The c o ld  plasma d is p e r s io n  r e l a t i o n  i s
El n^ -  [ (E j -  n , , ) (E j  + Ê3 ) -  e i l n ;  + Es[ (e  ^ -  n „ )  -  E2 ]  = 0,
( 3 . 1 )
where th e  c o ld  d i e l e c t r i c  t e n s o r  e lem en ts  E i , £2 , Eg a re  app rox im a te d  
i n  th e  lo w e r  h y b r id  f re q u e n c y  range «  w «  by
U)^  (A)
, E, =  1 _ (A)
The c o n d i t i o n  f o r  a c o n f lu e n c e  o f  th e  r o o t s  n^ o f  ( 3 .1 )  t o  occu r  i s  
g iv e n  by
[(n^ - E i ) ( c i - E 3 )  + E#] + 4c2e3nf, = 0. ( 3 . 2 )
We use th e  f o l l o w in g  n o t a t i o n s :
and assuming t h a t  X i s  th e  dom inan t p a ra m e te r ,  ( 3 . 1 )  i s  app rox im a te d  
by
An,'' -  Bn^ + C = 0 ( 3 . 3 )
where
A = 1 -  pX(1 -  y2)
B = -X[1 -  n,2 -  pX(1 -  2y%)]  
C = py^X^
( 3 . 4 )
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Then c o n d i t i o n  ( 3 .2 )  f o r  a c o n f lu e n c e  o f  th e  f a s t  and s low  wave 
s o lu t i o n s  becomes
X2[p=X= -  2 [n = ( 2 y :  -  1 ) + 1 ]pX + (1 - n f , ) ^ ]  = 0 . ( 3 .5 )
I f  we suppose f o r  now t h a t  th e  m a g n e t ic  f i e l d  i s  u n i fo rm  and t h a t  th e  
d e n s i t y  v a r ie s  l i n e a r l y ,  then  X i s  th e  s p a t i a l  c o o r d in a te .  In  g e n e ra l
( 3 . 5 )  has two n o n -z e ro  r o o t s  depend ing  on nf, and y ^ .  I f  these  a re  
r e a l  and d i s t i n c t ,  th e n  th e r e  i s  a re g io n  between th e  plasma edge and 
th e  resonance where th e  s o lu t i o n s  o f  ( 3 . 3 )  a re  complex c o n ju g a te  
c o r re s p o n d in g  t o  evanescen t waves, w h i le  i f  ( 3 . 5 )  has no r e a l  r o o ts  
th e  f a s t  and s low  waves can p ro p a g a te  in d e p e n d e n t ly  from th e  plasma 
edge to  th e  lo w e r  h y b r i d  resonance . The t r a n s i t i o n  between these  
two ty p e s  o f  b e h a v io u r  ta k e s  p la c e  a t  a c r i t i c a l  v a lu e  o f  nf, g iv e n  
by
'  n '  ( 3 . 6 )" 1 - y '
f o r  w h ich  ( 3 . 5 )  has re p e a te d  r o o t s  a t
( 3 - 7 )
The s p a t i a l  v a r i a t i o n  o f  n |  f o r  n „  = n^ i s  shown i n  F ig  3 .1 b )  ( B o n o l i  
and O t t ,  1982 ). T h is  b e h a v io u r  has a ls o  been d e s c r ib e d  i n  d e t a i l  by 
B r a m b i l la  (1 9 7 9 ) .
W r i t i n g  n „  = n^ + An i n  ( 3 . 5 )  we f i n d  t h a t  f o r  An < 0 ( 3 . 5 )  has 
two r e a l  r o o t s  g iv e n  by
( a)
II
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n c
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(b )
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(c)
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Fig.3M Variation of as a function of n^ (electron density),
(a) n„ < n , (b) n_ = n and
" H -C 2 ~  1
( o)  n ,  > whgre n? = .
J9 .
whereas f o r  An > 0 , ( 3 . 5 )  has no r e a l  r o o t s .  The two d i s t i n c t  
t o p o lo g ie s  f o r  n „  < n^ and n „  > n^ a re  shown i n  F ig s  3 .1 a )  and 3 .1 c )
r e s p e c t i v e l y .
3 .2  D is p e r s io n  Curves i n  th e  w -k^  p la n e
When two p ro p a g a t in g  modes approach each o th e r  c l o s e l y  o r  
c o in c id e  as i n  F ig s  3 .1 ,  we may e x p e c t  a mode c o n v e rs io n  p ro ce ss  to  
le a d  t o  a p a r t i t i o n i n g  o f  th e  energy  between them. In  mode c o n v e rs io n s  
p r e v io u s l y  c o n s id e re d  by C a i rn s  and Lashm ore -D av ies , c o n f i g u r a t i o n s  i n  
th e  k ^ - x  p la n e  o f  th e  ty p e s  shown i n  F ig s  3.1 have been a s s o c ia te d  w i th  
(jü-k^ d iag ram s which a ls o  e x h i b i t  a c ro s s o v e r  o f  two d i s t i n c t  b ranches . 
However, f o r  th e  p re s e n t  p rob lem  th e  d i s p e r s io n  r e l a t i o n  p l o t t e d  i n  
th e  w -k^  p la n e  in v o lv e s  a s i n g l e  c u rv e .
F ig s  3 .2  i l l u s t r a t e  th e  r e l a t i o n  between the  k , - x  d iagram s f o r
lo w e r  h y b r id  waves and t h e i r  d is p e r s io n  cu rv e s  i n  th e  co-k, p la n e .
We can w r i t e  th e  d i s p e r s io n  r e l a t i o n  as
w = f ( k ^ , x )  ( 3 .9 )
where plasma in h o m o g e n e i t ie s  a re  c o n ta in e d  i n  th e  x v a r i a t i o n .  A t 
p o in t s  between th e  plasma edges and th e  resonance , th e  i n c i d e n t  wave 
f re q u e n c y ,  i s  above th e  lo w e r  h y b r id  f re q u e n cy  as shown. A
F ig u r e  3 .2 a )  D is p e r s io n  c u rv e s  For lo w e r  h y b r id  waves w i t h
c1 < k"  ÜJ. in c
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f a m i l y  o f  cu rve s  such as i n  F ig s  3 .2  i s  gen e ra te d  a t  d i f f e r e n t
X v a lu e s ,  f o r  each o f  w h ich  f  has a maximum a t  some v a lu e  o f  k , .  As
th e  wave p ro p a g a te s  i n t o  th e  plasma and x in c re a s e s ,  th e  maximum,
^ m a x ^ ^ ^ t h e  w -k^  p la n e  moves t o  lo w e r  v a lu e s  o f  w, th e n  moves up
a g a in .  That i s ,  w has a minimum as a f u n c t io n  o f  x .  In  F ig  3 .2 a )  max ^
f o r  w h ich  k „ c /w .  < n , w f a l l s  be low  w. and we e n co u n te r  an "  m e  c max m e
evanescen t r e g io n ,  w h i le  i n  F ig  3 .2 c )  f o r  wh ich  k „ c /w .  > n , wm e  c ’ max
a lw ays  l i e s  above e n s u r in g  two r e a l  k ,  s o l u t i o n s .  In  F ig  3 .2 b )
where k„c/W j^^^ = n^ and f o r  w h ich  th e  two p ro p a g a t in g  modes have a
s in g le  c o n f lu e n c e  a t  th e  p o i n t  ( k p ,X o ) ,  w ^ g ^ (x )  ta k e s  i t s  minimum
v a lu e  a t  x « , and o) ( x „ )  = to.max ° m e
Thus (k o ,X g )  i s  a s a d d le  p o in t  o f  ( 3 . 9 )  where
( k o ; X q )  = ( k o , X q )  = 0 .9k^ -  ax
For p o in t s  ( k ^ , x )  nea r t o  ( k o ,X q ) ,  ( 3 . 9 )  i s  a p p ro x im a te ly  g iv e n  by
^ in c  “  -  Y  f k f  ( k q , X o ) ( k ^ - k o ) *  -  ( k „ , X q) (k^^ -  k^ ) (x  -  x ^ )
 ^ ^ ^ ( k o , X q ) ( x - X o ) '  = 0 . ( 3 .1 0 )2 9x
where
3 .3  C o n s t r u c t io n  o f  Model Weber E q u a t io n
F a c t o r i s i n g  th e  l a s t  t h r e e  te rm s  o f  ( 3 . 1 0 ) ,  th e  e q u a t io n  can be 
w r i t t e n  as
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( k ^  -  kp -  a j Ç) ( -  kp -  02^) = q 
where C = x - X p  and a^Ç, aaC a re  th e  ( r e a l )  r o o ts  o f
( 3 . 1 1 )
w i t h
and
A ( k i - k p ) :  4-  B (k ,  - k p )  4 -  C
1 9 = F
= 0
A =
B =
2 91^ 
9 ' f
9k^9S 
1 9 " f
T (kp,0) 
(kp,0)5
2 9Cr (kp,0)C
0 = 2
(3 .1 2 )
We now w ish  to  a s s o c ia te  th e  l o c a l  d is p e r s io n  r e l a t i o n  (3 .1 1 )  w i t h  a 
d i f f e r e n t i a l  e q u a t io n ,  m aking th e  co rrespondence  k ,  -4- - i  d /dÇ . T h is  
canno t be done u n iq u e ly  s in c e  k^^  te rm s go t o  some unde te rm ined  
l i n e a r  c o m b in a t io n  o f  - i  d /d ^  (Çcp) and - iÇ  dq)/dÇ. We remove t h i s  
a m b ig u i ty  by ch o o s in g  th e  c o m b in a t io n  p ro d u c in g  an e q u a t io n  w i t h  a 
conserved  q u a n t i t y  w h ich  i s  th e n  i n t e r p r e t e d  as th e  t o t a l  e n e rg y .
C a irn s  and Lashm ore-D av ies  (1983 ) ach ieved  t h i s  u s in g  two 
co u p le d  f i r s t  o rd e r  e q u a t io n s  i n  w h ich  th e  a m p l i tu d e s  and (pz 
were i d e n t i f i e d  d i r e c t l y  w i t h  th e  t r a n s m i t t e d  and c o n v e r te d  waves.
I t  i s  w o r th w h i le  t o  p o i n t  o u t  how such a r e p r e s e n ta t io n  a r i s e s  
n a t u r a l l y  f o r  th e  c la s s  o f  p rob lem s c o n s id e re d  by these  a u th o rs  
b u t  n o t  f o r  th e  p re s e n t  case . The l o c a l  d i s p e r s io n  r e l a t i o n  ( 3 .1 1 )  
when q = 0  has two sm o o th ly  v a r y in g  s o lu t i o n s  k i ( Ç ) ,  kz (C ) g iv e n  by
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th e  f a c t o r s  on th e  l . h . s .  I n  th e  C .L -D . c o u p l in g  model f o r  waves 
w i t h  a n t i - p a r a l l e l  g roup v e l o c i t i e s  these  a re  a s s o c ia te d  w i t h  two 
in d e p e n d e n t ly  p ro p a g a t in g  "modes" W i ( k , and W2( k , , Ç )  i n  th e  w -k 
p la n e  as shown be low .
4-
> d e n o t e s  g r o u p  v e l o c i
lU A ui
>  k
w a v e s  .
For t h i s  c o n f i g u r a t i o n ,  f a s t  ( s lo w )  wave energy i n c i d e n t  from  ^ < 0
i s  c o m p le te ly  t ra n s fo rm e d  i n t o  s low  ( f a s t )  wave energy  i n  th e  r e g io n
Ç > 0 . However, th e  u)-k, d is p e r s io n  c u rv e s  o f  lo w e r  h y b r id  waves
have a s i n g l e  lo b e .  T h is  means t h a t  f a s t  and s low  waves keep th e  same
group v e l o c i t y  o r i e n t a t i o n  f o r  a l l  Ç, and so ,  i f  a f a s t  ( s lo w )  wave i s
i n c i d e n t  from  Ç < 0 th e  t r a n s m i t t e d  b ranch  i s  a ls o  a f a s t  (s lo w )  wave.
The n a t u r a l  r e p r e s e n ta t io n  i n  t h i s  case i s  a s i n g le  second o r d e r  O.D.E,
w h ich  we now c o n s t r u c t .
dL e t  k ,  -+ - i  and -  dÇ
k , ç -
be f i x e d  l a t e r .
i a  ^  (Çcp) -  1 ( 1 -  ot)Ç dtpdC i n  ( 3 . 1 1 ) ,  where a w i l l
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The r e s u l t i n g  O .D.E. i s
-  i ( 2ko + (1 - c x ) ( a i  8 2 ) ^ )  -  io t (a i  + a z )  ^  (Çcp)
+ (n  -  ( k(3 H- Ç ) ( k(j 02^ ) )cp = 0. ( 3 .1 3 )
Making th e  t r a n s fo r m a t io n
(p = exp [ i  J  k . ( a i  + aa)5 dC
(3 .1 3 )  becomes
d '0
d T
2r 2( a i  -E I2 ) c + n + i ( a i  -f- 32 ) (è “  ot) *  = 0 .  ( 3 .1 4 )
I f  th e  e x p re s s io n  in s id e  [ ]  i n  (3 .1 4 )  i s  r e a l ,  th e n  th e  e q u a t io n  has 
a f i r s t  i n t e g r a l  (H ead ing , 1962, p 7 5 ) ,  namely
dOJm 1 ^  0*1 = c o n s t (3 .1 5 )
We t h e r e f o r e  ta k e  a  =
F i n a l l y ,  w r i t i n g  Ç = | a i - a 2 |^C and a = - r i / | a i - a 2 | ( 3 .1 4 )  becomes
ÿ î * ( Ç - . | *  = o. ( 3 .1 6 )
T h is  i s  a s ta n d a rd  e q u a t io n  d e s c r ib in g  t u n n e l l i n g  th ro u g h  a p a r a b o l i c  
p o t e n t i a l  b a r r i e r .  (See f o r  example H ead ing , 1962, Ch V ) .  In  the  
a s y m p to t ic  re g io n s  |ç |  »  0 , ( 3 .1 6 )  has WKBJ s o lu t i o n s  (H ead ing , 1962; 
Froman and Froman, 1965)
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w i t h
rC i  + i J q (^ )d ç# 1 ,2  ot q  ^ exp
( 3 .1 7 )
q ( ç )  = - ^  + a
d e s c r ib in g  two in d e p e n d e n t ly  p ro p a g a t in g  waves. Far from th e  ze ros  
o f  q , th e  g e n e ra l  s o l u t i o n  o f  ( 3 .1 6 )  i s  o f  th e  form
0 = CO. + DO. , Ç »  0•+• IH- Z-H
0_ = A0^_ 4- BO. , 4 «  0
( 3 .1 8 )
The key t o  i d e n t i f y i n g  th e  a m p l i tu d e s  a p p e a r in g  i n  (3 .1 8 )  w i t h  
i n c i d e n t ,  t r a n s m i t t e d  and c o n v e r te d  waves l i e s  i n  th e  f a c t  t h a t  the  
s o lu t i o n s  0^ s a t i s f y  ( 3 . 1 5 ) ,  from  w h ich  we o b t a in  th e  c o n n e c t io n  
fo rm u la
A|Z- |B|2 = Id 2 - IdP ( 3 .1 9 )
The a s y m p to t ic  s o lu t i o n s  o f  ( 3 .1 6 )  can a ls o  be w r i t t e n  u s in g  D a rw in 's  
e xp a n s io n s  (Ab ram ow itz  and S tegun , p 694)
(3 .2 0 )
0 ^  = ( 2 /k ) ^ ( E k  cos 0 -f F s i n  0)©
where
0 = ( 2 /k ) ^ (E  s i n  \[) + Fk cos i|;)e
0 = & + n /4  +
V,
(3 .21)
-45 -
and
& = r ^ l ç | -  4 a )^  -  acosh ^ ( | ç | / 2 / a ) ; a > 0
i | ç | ( ç ^ - 4 a ) ^  -  a s in h  \ | ç | / 2 / | a | ) ;  a < 0.
The e x a c t  form s o f  v  , v .  a re  n o t  needed h e re .r  1
( 3 .2 2 )
Eq (3 ,2 0 )  may be w r i t t e n  as
0^  a  (Ek -  i f ) e ^ ^  + (Ek + iF ) e
0 a  ( - i E  + F k )e ^ ^  + ( iE  + Fk)e
(3 .2 3 )
I t  rem a ins  t o  impose th e  boundary  c o n d i t i o n s  a p p r o p r ia te  t o  ou r  p rob lem , 
Tak ing  a c o n f i g u r a t i o n  where, say ,  f a s t  wave energy  i s  i n c id e n t  from 
C «  0 , th e  t r a n s m i t t e d  b ranch  must have i d e n t i c a l l y  o r ie n te d  group 
v e l o c i t y  and i s  t h e r e f o r e  a ls o  a f a s t  wave, w h i le  th e  c o n v e r te d  
energy  f lo w s  i n t o  th e  r e g io n  Ç «  0 on th e  s low  mode. The s ig n s  o f  
th e  phase v e l o c i t i e s  o f  th e  WKBJ waves $ 1^2 , though o p p o s i te ,  a re  a 
m a t te r  o f  c o n v e n t io n .  I f  we ta k e  th e  t im e  v a r i a t i o n  t o  be e x p ( - i w t ) ,
(w > 0 )  then
V a s e  = -  = ± 1 J  q M Ü d ç  -  iwb
= w /k '
where k '  = ± q ^  a re  th e  r o o t s  o f  th e  l o c a l  d i s p e r s io n  r e l a t i o n  
a s s o c ia te d  w i t h  ( 3 . 1 6 ) .  Thus th e  WKBJ wave $1 p ro p a g a te s  t o  th e  
r i g h t ,  and $2 t o  th e  l e f t  (see  a ls o  H ead ing , 1962, p 7 5 ) .  The 
r e q u i r e d  boundary c o n d i t i o n  i s  i l l u s t r a t e d  i n  F ig s  3 .3
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There i s  no s low  wave i n  ç > 0 and so C = 0 .  We then  have from
(3 .1 9 )  t h a t
2
= T h-MC
where T and MC a re  th e  t r a n s m i t t e d  and mode c o n v e r te d  f r a c t i o n s  o f  
th e  i n c i d e n t  f l u x  | B | ^ .
Note t h a t  f o r  t h i s  boundary  c o n d i t i o n  th e  WKBJ a m p l i tu d e s  [ d [^ 
and | a |^  a re  i d e n t i c a l  to  th e  t r a n s m i t t e d  and c o n v e r te d  wave f lu x e s  
r e s p e c t i v e l y ,  s u g g e s t in g  t h a t  th e  Weber e q u a t io n  i s  th e  n a t u r a l  
r e p r e s e n ta t io n  i n  t h i s  case . C o u p l in g  p rob lem s o f  th e  C .L -D . ty p e s  
a r i s i n g  from  l o c a l  d i s p e r s io n  r e l a t i o n s  such as ( 3 .1 1 )  can a ls o  be 
hand led  v ia  Weber’ s e q u a t io n  ( 3 .1 6 )  and th e  c o n n e c t io n  fo rm u la  (3 .1 9 )  
(Fuchs , Bers  and M a r ten , 1 9 8 5 ) ,  b u t  th e  a s s o c ia te d  boundary c o n d i t i o n s  
f o r  th e s e  cases im p ly  a d i f f e r e n t  t r a n s m i t t e d  branch  from  ou r p rob lem , 
w i t h  th e  r e s u l t  t h a t  th e  c o n v e r te d  wave energy  i s  n o t  g iv e n  by one o f  
th e  WKBJ a m p l i tu d e s  a p p e a r in g  i n  ( 3 . 1 9 ) .
I d e n t i f y i n g  th e  WKBJ s o lu t i o n s  (3 .1 8 )  w i t h  th e  expans io ns  ( 3 .2 3 )  
im m e d ia te ly  g iv e s
A = iE n -F k ,  B = - i F  + Fk 
C = Ek -  iF  = 0 , D = Ek + iF
so t h a t  A = i E ( 1 - k = ) ,  B = - i E ( 1 + k = ) ,  D = 2Ek.
Thus
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and
T =
MC z
1
1 + e xp (2 ï ï a )
e xp (2 ï ï a )
1 +  exp(2TTa)
( 3 .2 4 )
where a z - n / | a i  -  ag|
I f  a «  0 ,  then  T -> I  c o r re s p o n d in g  to  F ig  3 .2 a )  i n  w h ich  f a s t  and 
s low  waves p ro p a g a te  in d e p e n d e n t ly  t o  th e  lo w e r  h y b r id  l a y e r ,  w h i le  
i f  a »  0 , T 0 c o r re s p o n d in g  to  F ig  3 .2 c )  i n  w h ich  i n c i d e n t  f a s t  
( s lo w )  wave energy  i s  c o m p le te ly  c o n v e r te d  i n t o  s low  ( f a s t )  wave 
energy  p ro p a g a t in g  i n  th e  re v e rs e  d i r e c t i o n .  For a z 0 as i n  F ig  3 .2 b ) ,  
i  th e  i n c i d e n t  f a s t  ( s lo w )  wave energy  i s  t r a n s m i t t e d  on th e  f a s t  
( s lo w )  mode, and ^ c o n v e r te d  t o  s lo w  ( f a s t )  wave ene rgy .
I n  o rd e r  t o  a p p ly  th e  g e n e ra l  r e s u l t  ( 3 .2 4 )  to  s p e c i f i c  lo w e r  
h y b r i d  p ro p a g a t io n  p ro b le m s , we need o n ly  c a s t  th e  d is p e r s io n  
r e l a t i o n  i n  th e  form  (3 .1 1 )  and i d e n t i f y  th e  pa ram e te rs  a ^ , az and p.
3 .4  The r e s u l t  f o r  a plasma w i t h  a l i n e a r  d e n s i t y  p r o f i l e
H ere, a u n i fo rm  m agne t ic  f i e l d  i s  ta k e n  so t h a t  y^ i s  a 
c o n s ta n t .  We w r i t e
X = Xo(1+S/L ) ,
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where L i s  th e  d e n s i t y  g r a d ie n t  s c a le  l e n g t h ,  and, r e c a l l i n g  th e  
a n a ly s i s  o f  s e c t io n  3 .1 ,  expand th e  d i s p e r s io n  r e l a t i o n  ( 3 . 3 )  i s  
f i r s t  o rd e r  i n  Ç f o r  th e  case n „  = n^ (r) = 0 ) .
The r o o t s  o f  n^ a re  g iv e n  by
n, = B ± u X | X - X „ |2A
B . + ± x l \ Z
2 (A „  + A,Ç)
Bo
/
1 -f I & . . + w x : i2Ao LBo 2Ap - LBpJ
F o r g e t t i n g  th e  n e g a t iv e  n, s o l u t i o n s  we o b t a in
k , w TB- c 2A, Ê L  _ A l _  +uBo 2A, -  LB , j ( 3 .2 5 )
Eq (3 .2 5 )  i s  now i d e n t i f i e d  w i t h  th e  f a c t o r s  on th e  l . h . s .  o f  ou r  
model d i s p e r s io n  r e l a t i o n  ( 3 .1 1 )  t o  g iv e
where
( 2 A . B . ) :
Ap z 1 -  p X p (1 - y ^ )  z 1 - y ^
Bp = - X p [ 1 - n , ' , - p X p ( 1 - 2 y ' ) ]  = 2Xpy:
(3 .2 6 )
For n „ < n^ ( i . e .  q < 0 ) ,  th e  e q u a l r o o t s  o f  i n  (3 .1 1 )  a re  s h i f t e d  
from  a doub le  c o n f lu e n c e  a t  Ç z 0 and o cc u r  now a t
’An
4n
( a J —8 2 )^ (3 .27)
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Comparing ( 3 .2 7 )  w i t h  th e  s e p a r a t io n  g iv e n  by ( 3 . 8 )  we o b t a in
2 ^6
q = 2L^ —  ( a i - a a ) ^ A n .  ( 3 .2 8 )
U s ing  ( 3 . 2 6 ) ,  ( 3 . 2 7 ) ,  ( 3 .2 8 )  and th e  g e n e ra l  r e s u l t  ( 3 .2 4 )  the  
t r a n s m is s io n  c o e f f i c i e n t  i s  found t o  be
T -  11 + e x p ( -K )
where K = 2tt —  ^  . j z - —- t t  —c 5 (1 -  y ) n
(3 .29 )
L e t  us e s t im a te  T f o r  some t y p i c a l  o p e r a t in g  p a ra m e te rs ,  namely th o s e  
o f  P .L .T .  where 0)/2tt = 800 MHz, Bp = 2 .5  t e s l a .  We assume a 
d e u te r iu m  plasma and a d e n s i t y  s c a le  le n g th  L = 0 .4  m, c o r re s p o n d in g  
to  th e  tokamak m ino r r a d iu s .  These g iv e
K «  ^  Ad. «  5000 Ad. ,
S ince  K < 0 (1 )  o n ly  f o r  a v e ry  s m a l l  sp read  i n  n „  abou t i t s  c r i t i c a l  
v a lu e ,  th e  t r a n s m is s io n  i s  e i t h e r  on o r  o f f  depend ing as n „  > n^ o r  
n „  < n^ r e s p e c t i v e l y .  So, i n  v i r t u a l l y  a l l  cases th e  mode c o n v e rs io n  
b e h a v io u r  i s  p r e d ic t e d  c o r r e c t l y  by th e  u s u a l  r a y - t r a c i n g  r e s u l t s  
(se e ,  f o r  example, B o n o l i  and O t t ,  1982 ).
3 .5  I n c lu s io n  o f  a m ag n e t ic  f i e l d  g r a d ie n t  i n  th e  c a l c u l a t i o n
The p rocedu re  i s  as b e fo r e ,  e xc e p t  t h a t  X i s  no lo n g e r  th e  
s p a t i a l  g r a d ie n t  s in c e  th e  l a t t e r  o c c u rs  a ls o  i n  y ^ .
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The e x t e r n a l  m agne t ic  f i e l d  s t r e n g t h  
i s  now a l lo w e d  to  v a ry  l i n e a r l y ,  so 
t h a t
B = Bz z B,
W r i t i n g
X -  Xp 11 +  , , y '  = y :  1 -
/h z
c o n d i t i o n  ( 3 . 5 )  f o r  a c o n f lu e n c e  o f  th e  r o o t s  o f  n |  becomes
^  [uX„ + 4 n ; y :  |  -  1 -  nf,(2yS -  1 ) j ç
+ -  2 p X „{n f , (2 y^  -  1) + 1) + ( 1 - n% ) '  = 0 . ( 3 .3 0 )
I f  ( 3 .3 0 )  i s  t o  have re p e a te d  r o o t s  a t  ^ = 0 , we r e q u i r e
"2L 1 + 1  =  0yXp -  1 + n „ ] 2 y p , p 
y ^Xp -  2 y X p (n „ (2 y p  -  1 ) + 1 ) + ( 1 -  n f,)  ^ z 0 .
> ( 3 . 3 1 )
From ( 3 .3 1 )  we f i n d  t h a t  a s i n g l e  c o n f lu e n c e  o f  th e  s low  and f a s t  wave 
s o l u t i o n s  o ccu rs  f o r  a c r i t i c a l  v a lu e  o f  n „  g iv e n  by
2 1F¥J4 L ? r  = "c1 -  y :  1 -
a t  th e  p o in t  ( X^ , y „ )  w i t h  Xp and yp r e l a t e d  by
X - 1 y : ( 1  - 2 L /R ) :
“  y 1 -  y : ( 1  -  4 L ' / R ' )  ' ( 3 . 3 3 )
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As b e fo r e ,  th e  d is p e r s io n  r e l a t i o n  ( 3 . 3 )  i s  now expanded abou t Ç = 0 
i n  th e  case n „ = n^ y i e l d i n g  th e  r e le v a n t  c o m b in a t io n ,
w i t h
I a 1 -  82 I -  77 X 2AJB,
• • - T - R
Ap -  1 -  y X p d  - y p )
Bp -  Xp(n^ -  1 + pXp(2yp -  1)
( 3 . 3 4 )
where n^ and Xp a re  g iv e n  by ( 3 .3 2 )  and ( 3 . 3 3 ) .
Away from  th e  c r i t i c a l  v a lu e  o f  n,% we w r i t e  n „  = n^ + An i n  
( 3 .3 0 )  and o b t a in  th e  new p o s i t i o n s  o f  th e  c o n f lu e n c e s  o f  th e  modes 
t o  lo w e s t  o rd e r  i n  An,
4n An; An < 0 . ( 3 .3 5 )
Comparing (3 .3 5 )  w i t h  a s e p a r a t io n  oF th e  fo rm  (3 .2 7 )  g iv e s
n = n ÿ - f -  ( a i  -  S2 )^An.Apdp ( 3 . 3 6 )
F i n a l l y ,  we o b t a in  th e  q u a n t i t y  c h a r a c t e r i s i n g  th e  range o f  n „  o ve r  
w h ich  p a r t i a l  c o n v e rs io n  o c c u rs
K = 2ïï na 1 — 32 c c l 2apA_
i . e .  K = 2tt (A) An L ____________(1 -  2L/R)
1 -  y ; [ i  -  ^ J J  [1 -  y ^ i  -  f j ^
. ( 3 . 3 7 )
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From ( 3 .3 7 )  i t  w ou ld  seem t h a t  t h i s  range can become la r g e  as R 
approaches 2 L . However th e  l i m i t  2L/R ->■ 1 i n  ( 3 .3 2 )  and (3 .3 3 )  
co rre sp o n d s  to  n^ 1 and Xp 0 ,  so t h a t  th e  mode c o n v e rs io n  p o in t  
moves t o  th e  plasma edge where th e  waves a re  evanescen t.
The r e s u l t  b re a k s  down i n  t h i s  way because th e  a n a ly s is  so Far 
has in v o lv e d  th e  a p p ro x im a te  d i s p e r s io n  r e l a t i o n  ( 3 .3 )  i n  w h ich  th e  
c o e f f i c i e n t s  ( 3 .4 )  were o b ta in e d  assuming t h a t  yX ~  0 ( 1 ) .
3 .6  Mode c o n v e rs io n  a t  low  plasma d e n s i t i e s
In  o rd e r  t o  examine th e  b e h a v io u r  a t  low  d e n s i t i e s ,  we must 
use th e  f u l l  d is p e r s io n  r e l a t i o n  ( 3 . 1 )  and r e t a i n  th e  most s i g n i f i c a n t  
te rm s assuming t h a t
1 -  ^  «  1, X »  1, yX «  1,
where th e  f i n a l  two i n e q u a l i t i e s  g u a ra n te e  a d e n s i t y  h ig h  enough to  
a v o id  th e  wave c u t o f f s  b u t  n o t  so h ig h  t h a t  th e  p re v io u s  th e o ry  
h o ld s .
C o n d i t io n  ( 3 . 2 )  f o r  a c o n f lu e n c e  o f  th e  r o o ts  o f  n^ t o  occu r 
i s  e x a c t l y  g iv e n  by
y ' X : [ l  -  y ( 1 - y : ) ] :
-  2 y X [ n : ( 2 y : -  1) + 1 -  y (  1 -  n f , ) (  1 -  y d (2  -  y d  + y=(1 -n , ' , ) ( 1  - y d d  
+ ( 1 - n ; r  + 2 p [ y ' ( 1  H-n':,) -  (1 + p ' ( 1 - y ' ) ' ( 1 -  = 0 (3 .3 8 )
where th e  u n d e r l i n in g  i n d i c a t e s  te rm s k e p t  i n  th e  p re v io u s  a n a ly s i s .
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T ak ing  a new s c a l in g  o f  p a ram e te rs
- aX = y  X, 0 < a < 1  
1 - 2 L / R  = y^A , g > 0
where a and 3 a re  chosen l a t e r ,  th e  dom inan t te rm s o f  ( 3 .3 8 )  a re
2 p 1 ' " x [ n ; ( Z y : -  1) + 1 ]  + Cl - n ’ )
2 - a >+ 2 y [ y : ( 1 + n % )  -  (1 - n f , ) d  + 0 ( y ^ " " )  = 0 . ( 3 .3 9 )
W r i t i n g ,  as u s u a l ,  x = Xp(1 + Ç / L ) , y^ = y ^ d  -  2Ç /R ), ( 3 .3 9 )  becomes
^ 1 - a )  8 n ^  +
LR
2y 1-a 1 —Ot 2y Xp + Xp n
LR
1 -  2 y d 1  - 2LR -  1 -  2y ■r Yo(^ + '^ 11 ^
y 2 (1 -o )x :  -  2 y 1 - * x , ( n : ( 2 y ;  - 1 )  + 1) + (1 - n ^ )
+ 2 y ( y p ( 1 + n p )  -  (1 - n = ) ' ) + 0 (yZ  ^ )  = 0. (3 .4 0 )
The Ç and c o n s ta n t  c o e f f i c i e n t s  i n  (3 .4 0 )  a re  now s e t  t o  ze ro  to  
o b t a in  r e l a t i o n s  between th e  v a lu e s  o f  n,% Xp and y l  f o r  wh ich  a 
s i n g le  c o n f lu e n c e  o f  th e  r o o t s  o f  n^ o c c u rs .
The c o n s ta n t  c o e f f i c i e n t ,  a q u a d r a t i c  i n  n f , , i s  g iv e n  by
1-a 1 -an% -  2 [ y  Xp(2yS - 1 )  + 1]n% + 1 -  2 y '  Xp + 0 ( y ) .
E q u a t in g  t h i s  t o  ze ro  we o b t a in
n ’  = 1 ± + p'’ " “ x „ (2 y S  -  1) + “5 , ( 3 .4 1 )
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b u t  keep th e  + s o l u t i o n  s in c e  nf, > 1 i s  r e q u i r e d  f o r  p ro p a g a t in g  
waves.
S u b s t i t u t i o n  o f  ( 3 .4 1 )  i n t o  th e  Ç c o e f f i c i e n t  o f  ( 3 .4 0 )  g iv e s  
-  p^2Jlx„yS01 + 2 p ( 1 - « ) / 2 x |  + o ( y 1 - “ ) j
+ p ^ ^ “ “ ^ ^ ^ x „ 0 2 x |y „  + p ^ ’ " “ ^ ^ ^ x „ ( 2 y ’ -  1)
-  p“ 2 y ’ {1 - y ® H ) 0  + 2p'^''‘ “ ^ / ^  x j  y „  + 0 (p ' ’ " “ ) j  = 0 . ( 3 .4 2 )
We f i n d  upon in s p e c t io n  o f  th e  o r d e r in g  i n  ( 3 .4 2 )  t h a t  f i x i n g  a = 1 /3  
g iv e s  th e  s o l u t i o n  wh ich  i s  v a l i d  as R approaches 2L ( i . e .  as 3 -^ ° ° ) . 
A ls o ,  th e  lo w e r  l i m i t  on th e  v a lu e  o f  3 f o r  wh ich t h i s  s o l u t i o n  a p p l ie s  
i s  3 = 1 /3 .
1 / 3E q u a t in g  le a d in g  0 ( y  ) te rm s  t o  ze ro  i n  ( 3 .4 2 )  we o b t a in
The by now s ta n d a rd  c a l c u l a t i o n  f i n a l l y  y i e l d s  ou r  mode c o n v e rs io n  
p a ra m e te r ,
K =  2n - 1-  y i  x î  ^  ( 3 .4 4 )
M ■'3 " c
w i t h  Xp and n^ g iv e n  by (3 .4 3 )  and ( 3 . 4 1 ) .  In  th e  l i m i t  2L/R = 1 
(A z 0 ) ,  th e  mode c r o s s in g  p o in t  o c c u rs  a t  a d e n s i t y
X. = - y -  y Z ' ( 3 .4 5 )
P 3^
w h i le
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K(A = 0 )  = 2ti ^  . ( 3 .4 6 )
Thus, K 7^  0 as 2L/R -> 1. In  f a c t  th e  e x p re s s io n  m u l t i p l y i n g  A n /n^  
i n  (3 .4 6 )  i s  s t i l l  l a r g e  so t h a t  th e  t r a n s m is s io n  has th e  same s te p  
f u n c t i o n  b e h a v io u r  as f o r  th e  u n i fo rm  f i e l d  case.
We conc lude  by n o t in g  how ever, t h a t  th e  presence  o f  a m agne t ic  
f i e l d  g r a d ie n t  s h i f t s  th e  mode c r o s s in g  p o in t  to  lo w e r  d e n s i t i e s ,  as 
i s  seen by com paring  (3 .4 5 )  and ( 3 . 7 ) .
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CHAPTER 4 
DERIVATION OF SECOND ORDER THEORY FROM EXACT FOÜRTH ORDER EQUATIONS
4 .1  The C o ld -p lasm a  Wave E q u a t io n
The lo w e r  h y b r id  mode c o n v e rs io n  i s  o f  t h e o r e t i c a l  i n t e r e s t  
because we can e a s i l y  w r i t e  down th e  e x a c t  F o u r th - o r d e r  system o f  
O .D .E 's  i n  th e  e le c t r o m a g n e t ic  f i e l d  a m p l i tu d e s ,  and examine t h i s  
system  to  d is c o v e r  i n  what a p p ro x im a t io n  a second o rd e r  d e s c r i p t i o n  
o f  th e  c o u p l in g  p ro c e ss  can be e x t r a c t e d .  S t a r t i n g  from  th e  c o ld -  
plasma wave e q u a t io n ,
V x V x E  -  ^  e .E = 0 ( 4 .1 )
where e i s  th e  u s u a l  c o ld  p lasma d i e l e c t r i c  te n s o r  g iv e n  by
e = - iE 2 0
i£ 2 0
. 0 0 £3
and t a k in g  a l l  f i e l d  q u a n t i t i e s  t o  v a ry  as
A  -  jA ( x ) e x p ( i k „ z  -  iu ) t  ) ,
we use M a x w e l l 's  c u r l  e q u a t io n  V x ^  = lcol3 a lo n g  w i th  ( 4 . 1 )  t o  e l im in a t e  
two o f  th e  s i x  dependent f i e l d  v a r i a b l e s ,  f i n a l l y  o b t a in in g  fo u r  
co u p le d  f i r s t  o rd e r  e q u a t io n s  o f  th e  form
-  (= df ]  = (4.2)
where
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and
e = (S ' S ’S Ç = ^ X .  By =
0 0 0 r
0 0 - iG s 0
T = e 2 n „ (El -  n l )  E l 0 0
nf, + Gz -  e f - I f 0 GJ- is. £ i
The e ig e n v a lu e s  o f  T, w h ich  we w i l l  deno te  by i n  , i n ” , - i n  and - i n ”  
r e s p e c t i v e l y  d e s c r ib e  th e  f o u r  c h a r a c t e r i s t i c  waves whose p e r p e n d ic u la r  
r e f r a c t i v e  in d i c e s  n " ,  -  n "  a re  th e  s o lu t i o n s  o f  th e  c o ld  plasma 
d is p e r s io n  r e l a t i o n  ( 3 . 1 ) .  When th e s e  e ig e n v a lu e s  a re  d i s t i n c t ,  th e  
waves p ro p a g a te  in d e p e n d e n t ly  and a re  a d e q u a te ly  d e s c r ib e d  by th e  
WKBJ a p p ro x im a t io n .  However, t h i s  b re a ks  down i n  th e  mode c o n v e rs io n  
r e g io n  where th e  e ig e n v a lu e s  conve rge  i n  p a i r s .
I n  g e n e r a l ,  c o n f lu e n c e  o f  more than  two e ig e n v a lu e s  i s  u n l i k e l y ,  
so mode c o n v e rs io n  i s  expec ted  to  i n v o lv e  c o u p l in g  between th e  two 
waves c o r re s p o n d in g  t o  a p a i r  o f  a lm o s t  c o in c id e n t  e ig e n v a lu e s .  For 
system s o f  O .D .E 's  such as ( 4 . 2 ) ,  w i t h  embedded p a i r w is e  c o u p l in g  
e v e n ts .  Heading (1961) has g iv e n  a g e n e ra l  method o f  e x t r a c t i n g  th e  
second o rd e r  e q u a t io n  wh ich  d e s c r ib e s  th e  c o u p l in g .  The e q u a t io n  i s
9 "  -  3^9 = 0, ( 4 . 3 )
where 3 i s  one h a l f  th e  d i f f e r e n c e  between th e  e ig e n v a lu e s ,  c o u p l in g  
t o  o th e r  modes b e in g  th ro u g h  te rm s i n v o l v i n g  plasma g r a d ie n t s .  The
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id e a s  and main r e s u l t s  c o n ta in e d  i n  H e a d in g 's  1961 paper a re  o u t l i n e d  
i n  S e c t io n  4 .2 .  I f  3^ i s  r e a l  as i n  o u r  case , ( 4 . 3 )  has a conserved  
q u a n t i t y  namely Jm(cp*cp') .  On th e  o th e r  hand, ou r  e xa c t  system 
( 4 .2 )  c onse rves  th e  Ç-component o f  th e  P o y n t in g  f l u x ,  a p r o p e r t y  
w h ich  we w ish  to  be m a in ta in e d  by th e  second o rd e r  sys tem . 
S t r a ig h t f o r w a r d  a p p l i c a t i o n  o f  H e a d in g 's  p rocedu re  does n o t  y i e l d  
a s im p le  co rrespondence  between th e  P o y n t in g  f l u x  and Jm(cp*cp' ) .  
However, we a re  a b le  t o  p roduce  such a co rrespondence  by i n t r o d u c in g  
an e x t r a  t r a n s fo r m a t io n  o f  th e  v a r i a b l e s .  T h is  t r a n s fo r m a t io n  a ls o  
p roduces  sym m etr ies  i n  th e  n e g le c te d  c o u p l in g  te rm s r e s u l t i n g  i n  a 
s m a l le r  e r r o r  than  i f  H e a d in g 's  method i s  used i n  i t s  o r i g i n a l  fo rm . 
In  a d d i t i o n  we have f o r  t h i s  p rob lem  a t r a n s fo r m a t io n ,  w h ich  i s  w e l l  
d e f in e d  i n  th e  mode c o n v e rs io n  r e g io n ,  r e l a t i n g  th e  s o lu t i o n s  o f  th e  
second o rd e r  e q u a t io n  ( 4 . 3 )  t o  th e  p h y s ic a l  f i e l d s .
4 .2  H e a d in g 's  T ra n s fo rm a t io n
Heading (1961) c o n s id e re d  n dependent v a r ia b le s  e%,e2 , . . . , e ^  
s a t i s f y i n g  th e  n l i n e a r  f i r s t  o r d e r  e q u a t io n s
de^
e ' E -3-  = Te ( 4 . 4 )— dz —
where T i s  an nxn m a t r i x  whose n^ e lem en ts  a re  g iv e n  f u n c t io n s  o f  z .  
D e n o t in g  th e  e ig e n v a lu e s  o f  T by q j , q 2 , . . . , q ^ ,  l e t  im^  be th e  column 
m a t r i x  formed from  th e  c o f a c t o r s  o f  T - q ^ I  taken  a lo n g  any s u i t a b le  
row . Then under th e  t r a n s fo r m a t io n
e = MO = ( m i ,m 2 , . . . , m  )$ ( 4 . 5 )
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(4 .4 )  becomes
O' = M *TMO -  MT'M'O
( 4 .6 )
v a l i d  a t  a l l  p o in t s  a t  w h ich  M i s  n o n - s in g u la r .
Now each c o - f a c t o r  o f  T -  q ^ I  i s  a p o ly n o m ia l  o f  degree n-1 a t  
most i n  q ^ ,  th e  c o e f f i c i e n t s  b e in g  in d e p e n d e n t  o f  th e  s u f f i x  j  and 
so th e  e ig e n v e c to r s  m^ may be w r i t t e n  as
m , = —J p o ly n o m ia l  1 o f  degree  n -1 a t  most i n  q^ 
p o ly n o m ia l  2 ......................................................  q^
p o ly n o m ia l  n ......................................................  q
3j
where P i s  th e  n x n  m a t r i x  fo rm ed from  th e  c o e f f i c i e n t s  o f  th e  n 
p o ly n o m ia ls .
Then
M = (ni i ,£2 , . . .  ,m^) = P 1 1 ___  1 = PA
qz . . . .
< <  . . . . . . .  q^
n -1
<.^ 11 n i lqa C l
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where A i s  th e  a l t e r n a t e  m a t r i x  o f  th e  e ig e n v a lu e s  q ^ ,  j  = 1 , . . . , n ,  
and t h e i r  powers a r ra n g e d  i n  o r d e r .
S ince  th e  d e te rm in a n t  o f  A i s  g iv e n  by
n
d e t  A = ]  I” ( q . - q . ) ,  ( 4 . 7 )
i , j =1 ^ ^
i  > j
i t  f o l l o w s  t h a t  A i s  n o n s in g u la r  th ro u g h o u t  any domain i n  w h ich  th e  
n e ig e n v a lu e s  a re  d i s t i n c t .
E q u a t io n s  ( 4 .6 )  now ta k e  th e  fo rm
£ '  = d i a g ( q i , . . .  , q ^ ) £  -
= Q$ -  A " ’ A '£  -  A" W ' A £  ( 4 .8 )
I f  th e  o r i g i n a l  m a t r i x  T i n  ( 4 . 4 )  i s  c o n s ta n t ,  then  th e  c o u p l in g  
m a t r ic e s  A *A '  and A  ^P *P 'A  v a n is h  ow ing t o  th e  p resence  o f  
d e r i v a t i v e s  i n  e v e ry  e le m e n t,  and ( 4 . 8 )  c o n s t i t u t e s  a s e t  o f  n 
in d e p e n d e n t  e q u a t io n s  whose s o l u t i o n s  r e p r e s e n t ,  i n  a p h y s ic a l  
i n t e r p r e t a t i o n ,  n in d e p e n d e n t ly  p ro p a g a te d  waves. I n  an inhomogeneous 
medium, th e  e lem en ts  o f  T a re  f u n c t i o n s  o f  th e  v a r i a b le  z wh ich 
d e s c r ib e s  th e  in h o m o g e n e i ty ,  and e q u a t io n s  ( 4 .8 )  a re  rende red  
s im u l ta n e o u s  th ro u g h  th e  n o n -d ia g o n a l  e lem en ts  o f  A” *A and A” *P” *P 'A . 
I f  th e  medium i s  s lo w ly  v a r y in g ,  th e  d e r i v a t i v e s  w h ich  appear i n  A *A' 
and A  ^ P * P 'A  make th e s e  c o u p l in g  te rm s s m a l l  compared w i t h  th e  
e lem en ts  o f  Q, e xce p t  i n  th e  v i c i n i t y  o f  so c a l l e d  t r a n s i t i o n  p o in t s  
where two o r  more o f  th e  r o o t s  q y , j  = 1 , . . . , n ,  a t t a i n  e q u a l i t y  and 
A becomes s i n g u la r .
The e x p l i c i t  fo rm  o f  th e  p r im a ry  c o u p l in g  m a t r i x  A” ^A' r e v e a ls  
more abou t th e  n a tu re  o f  th e  c o u p l in g  p ro c e s s .  I t  can be shown t h a t
- 6 1  —
q '  (q<)(A ' A ' ) . .  =
<
( 4 . 9 )
q , A p ’
p / i
where th e  symbol (q ^ )  deno tes  th e  p ro d u c t
-  (4p-qi)(qp-q2)---(qp-qp_i)(qp-qp^ i)---(qp-qp)-
C o n s id e r  a t r a n s i t i o n  p o in t  o f  o rd e r  tw o , wh ich  i s  d e f in e d  by a
s o lu t i o n  o f  th e  e q u a t io n  q^Cz) = q z f z )  and denoted by z = z , 2.
R e fe r r in g  t o  ( 4 . 9 ) ,  e ve ry  e lem en t o f  th e  f i r s t  two rows o f  A ^A' i s
s i n g u la r  a t  z = Z j^  due to  th e  p resence  o f  th e  f a c t o r  1/ (q 2- q i ) .
However th e  c o u p l in g  c o e f f i c i e n t s  (A * A ' ) ^ j  ( i  = 1 ,2 )  a re  l a r g e r  i n
o rd e r  o f  m agn itude  when j  = 1 ,2  than  when j  = 3 , 4 , . . . , n ,  s in c e
columns one and two i n v o lv e  th e  f a c t o r s  q'^ and q^ r e s p e c t i v e l y  wh ich
may a ls o  be s in g u la r  a t  T h is  sugges ts  t h a t  c o u p l in g  e x i s t s
m a in ly  o n ly  between 0  ^ and $ 2 , 0 3 , . . . , $ ^  b e in g  r e l a t i v e l y  f r e e  from
c o u p l in g  w i t h  and $2 and t h a t  th e  2 x 2 m a t r i x  taken  from th e
f i r s t  two rows and columns o f  A ^A' i s  th e  e s s e n t i a l  f e a tu r e  i n
d e te rm in in g  th e  b e h a v io u r  o f  th e  s o lu t i o n s  0  ^ and 02 near th e
t r a n s i t i o n  p o in t  z  ^^ •
S im i l a r  arguments a re  used t o  d e f in e  an r t h  ( r  n ) o rd e r
t r a n s i t i o n  p o in t  w h ich  e x i s t s  i f  q^ = q^ = q^ = . . .  = a ,  say ,  a t
z = z . . The e s s e n t i a l  c o u p l in q  between 0 ,0, ,0  , . . .  i sa b c . . .  ^ a b ’ c
de te rm in e d  by th e  r  x r  m a t r i x  ta ke n  from  th e  a p p r o p r ia te  rows and
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columns o f  A A ’ . A ls o  i t  i s  n o te d  t h a t  o f  th e  re m a in in g  n - r  r o o t s ,  
s o f  th e se  may a ls o  a t t a i n  e q u a l i t y  a t  z = z ^^ ^  . I f  t h e i r  common
v a lu e  Y i s  n o t  equa l t o  a  a t  z = z ^ ^ ^ ,  then  t h i s  s e t  o f  s v a r ia b le s  
i s  n o t  cou p le d  to  th e  p r e v io u s  s e t  o f  r  v a r i a b le s .
The c o u p le d  f i r s t  o rd e r  e q u a t io n s  ( 4 .8 )  i n  th e  n v a r ia b le s  
2  p o s s e s s in g  a t r a n s i t i o n  p o in t  Zp o f  o rd e r  r  n may be t ra n s fo rm e d  
i n  such a way t h a t  th e  r  v a r i a b le s  a s s o c ia te d  w i t h  th e  t r a n s i t i o n  
p o in t  appear i n  a s e t  o f  r  c o u p le d  f i r s t  o rd e r  e q u a t io n s  w h ich  a re
e s s e n t i a l l y  decoup led  from  th e  re m a in in g  n - r  v a r ia b le s  n o t
a s s o c ia te d  w i t h  th e  t r a n s i t i o n  p o i n t ,  and so t h a t  a l l  c o u p l in g  
te rm s i n  a l l  e q u a t io n s  a re  n o n s in g u la r  and t h e r e f o r e  s m a l l  a t  z = Z g .
I t  i s  assumed t h a t  ( 4 . 8 )  possesses a t r a n s i t i o n  p o in t  z^ a t
w h ich  q j  = q 2 = . . .  = q^ and t h a t  i n  th e  v i c i n i t y  o f  z^ th e  q ^ 's  may
be w r i t t e n  as
q^ = a  + ^3 j
where 3 (Zo) = 0 and k = e x p ( 2ï ï i / r ) .  
A new v e c to r  f  i s  d e f in e d  by
0 = ER f ( 4 .1 0 )
w i t h E = I ^  exp J  adz 0
n -r .
and
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R = 1
kB
k=B :
1
k : |
, r -1 k - r - l g r - l  j^2 ( r - 1 ) ^ r -1 ^ ( r - D ^ ^ r - l
0 0 0   0 n - r
BK
0 n - r
where B = d ia g ( 1 , B , B ^ , . . . ,B^ ^ ) and K i s  an a l t e r n a n t  m a t r i x  o f  th e  r t h  
r o o t s  o f  u n i t y .
Then i t  can be shown t h a t  under t r a n s fo r m a t io n  ( 4 . 1 0 ) ,  e q u a t io n  
( 4 .8 )  becomes
f  =
where
0 1 0 0 • • • • 0 f  -  E *(AR ' )  *(AR” ' ) ' E f— V —y
0 0 1 0 « • • • 0 p r im a ry  c o u p l in g  form
0 0 0 1 * « * • 0
• -  E" \ A R " ‘ ) " ' P ” ip ' ( A R ” ' ) E f
6^
0
0
0
0
0
0
0 . . .  Q
0
n - r .
secondary  c o u p l in g  form
p r i n c i p a l te rm
Qn--r d ia g ( q r +1 ‘^ r+ 2 ’ * “ ’ % ^ ‘
A t  a l l  p o in t s  where c o u p l in g  can be n e g le c te d  ( 4 .1 1 )  becomes
I  = S jF j  j  = r + 1 , . . . , n .
That i s ,  th e  s e p a r a t io n  o f  an r t h  o rd e r  d i f f e r e n t i a l  e q u a t io n ,  
d e s c r ib in g  th e  c o u p l in g  among th e  r  v a r i a b le s  f i , f 2 , . . . , f ^ ,  from  th e  
n - r  in d e pe nden t v a r i a b le s  has been a c h ie v e d .
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I t  then  rem ains  t o  show t h a t  th e  c o u p l in g  te rm s i n  (4 .1 1 )  a re  
n o n - s in g u la r  a t  z „ .  Heading has dem ons tra te d  t h a t  th e  e lem en ts  o f  
AR  ^ a re  p o ly n o m ia ls  i n  3^ . I t  f o l l o w s  t h a t  (AR * ) '  c o n ta in s  3 ' 
o n ly  th ro u g h  such te rm s as 3^^   ^ 3' where N i s  a n o n -n e g a t iv e  i n t e g e r .
A ls o  (AR  ^ )  ^ = a d j  AR ' / d e t ( A R  ^ ) where th e  e lem ents  o f  
a d j  AR * a re  f u r t h e r  p o ly n o m ia ls  i n  3 ^ .  The d e te rm in a n t  o f  AR  ^ i s  
g iv e n  by
d e t  AR  ^ = d e t  A /d e t  R = d e t  A / ( d e t  B d e tK )
= fr (C i
i ,  j
i> J
from  ( 4 . 7 )  and ( 4 .1 0 ) .
Now th e  r e le v a n t  f a c t o r s  i n  th e  num era to r  occu r  f o r  i , j  ^  r  
and th e se  a re
(% - ' r^-1 )• • • (qj - qi)(qf_i - • -(qr_i - q^ )• • ■ (q2 - q^ )
w hich  i s  p r o p o r t i o n a l  t o
3r - 1^ r - 2  ^ 2 ^
so t h a t  d e t  AR  ^ does n o t  c o n ta in  3 as a f a c t o r .  Hence AR~* i s  
n o n s in g u la r  a t  z ^ .
F i n a l l y ,  each e lem ent i n  th e  p ro d u c t  (AR” ^ ) ” * (A R ~ * ) '  has te rm s 
o f  th e  fo rm  3 ^ ^ ( B ^ ^ ) '  where N,M 2  0 a re  i n t e g e r s .  T h is  i s  
p r o p o r t i o n a l  to  g (N +M )r-1g , N ^  0 , M 2  1, th e  lo w e s t  power b e in g
3^ ^ 3 ' .  I f  3 when expanded i n  te rm s o f  z - z ^  b e g in s  w i t h  a te rm  
( z - Z p ) ^ ,  then  3^ ^3 ' i s  p r o p o r t i o n a l  t o  ( z - Z p ) ^ ^   ^ w h ich  i s  non- 
s i n g u la r  a t  Zp p ro v id e d  b > 1 / r .  That i s ,  th e  p ro d u c t  (AR~ *)"’ \ A R ”  *) '
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i s  n o n s in g u la r  a t  p ro v id e d  th e  power s e r ie s  expans ion  f o r  3 
b e g in s  w i t h  a te rm  a t  l e a s t  l i n e a r  i n  z - Z p .
Hence th e  e lem en ts  o f  th e  p r im a ry  c o u p l in g  m a t r i x  i n  ( 4 .1 1 )  
a re  n o n s in g u la r  a t  Zp under th e se  c o n d i t i o n s .  The secondary  c o u p l in g  
m a t r i x  i s  a ls o  n o n s in g u la r  p ro v id e d  t h a t  P i s  n o n s in g u la r  a t  Zp.
4 .5  A p p l i c a t i o n  and e x te n s io n  o f  H e a d in g 's  t r a n s fo r m a t io n
R e tu rn in g  t o  ou r  o r i g i n a l  system  o f  cou p le d  e q u a t io n s  ( 4 . 2 ) ,  
we w r i t e  these  i n  te rm s o f  new v a r i a b le s  cp v ia  th e  t r a n s f o r m a t io n
e = MDcp = M0
where
M = (m , ,m . ,m 3,m .)  =
- i£ 3 p 2 n „
i p z n . n ^
n+c+
- lE 3 P 2 n „
i p 2n „ n “
n c
-lEsPan,,
- i P 2n„n"^
-n+c+
-lE3P2n„ 
■iP2n„n~ 
-n  c
w i t h  c*^ = P i ( n ^ ) ^  -  £ 3 , c = P j ( n  )  ^ -  £ 3 , p j  =
( 4 . 1 2 )
The column v e c to r s  mu, i  = 1 , . . . , 4 ,  a re  e ig e n v e c to rs  c o r re s p o n d in g  to  
th e  e ig e n v a lu e s  o f  T ; i n  o th e r  words th e y  a re  p o l a r i s a t i o n  v e c to r s  
f o r  th e  fo u r  c h a r a c t e r i s t i c  waves, w h i le  D i s  a n o n s in g u la r  d ia g o n a l  
m a t r i x  t o  be chosen l a t e r .  M f a c t o r i s e s  as
-66 -
-f M = PA = -£3 0 - P i 0 1 1 1 1
- i£ 3 P 2 n „ 0 0 0 i n ^ i n - i n ^ - i n
K 0 Pzn,, 0 0 - ( n + ) 2 - ( n - ) 2 - ( n +)2 - ( n - ) =
0 i£ s 0 iP i - i ( n + ) : - i ( n - ) : i ( n + ) : i ( n ” )3
where A i s  th e  a l t e r n a n t  m a t r i x  c o n s i s t i n g  o f  th e  e ig e n v a lu e s  and t h e i r  
powers a r ra n g e d  i n  o r d e r .
We n o te  t h a t  th e  d e te rm in a n t  o f  P g iv e n  by
d e t  P = - e s p fp fn ^
i s  n o n -z e ro  th ro u g h o u t  th e  domain where th e  f a s t  and s low  waves 
p ro p a g a te ,  so t h a t  P i s  n o n s in g u la r .
Then th e  o r i g i n a l  system  ( 4 . 2 )  becomes
cp' = (MD)” 'T (M D )9  -  (MD)“ ^(MD)'cp
= i  d ia g (n * ^ ,n ~ , -n * ^ , -n ~ )9  -  D” * A~* A'Dcp -  A” ' P” ' P ' A ^
-  D " * D '£ .  ( 4 .1 3 )
Here we d i f f e r  from  Heading (see  4 . 8 )  by in t r o d u c in g  an a r b i t r a r y  
s c a l i n g  D f o r  th e  e ig e n v e c to r s  M. A s p e c ia l  c h o ic e  o f  D w i l l  y i e l d  
f i n a l  e q u a t io n s  s i m i l a r  t o  ( 4 . 1 1 ) ,  b u t  w h ich  have th e  a d d i t i o n a l  
p r o p e r t y  t h a t  th e  dependent v a r i a b le s  now co n se rve  a q u a n t i t y  
i d e n t i c a l  t o  th o se  conse rved  by th e  embedded second o r d e r  e q u a t io n s .
S in ce  th e  c h a r a c t e r i s t i c  r o o t s  o f  T a re  th e  s o lu t i o n s  o f  a 
b iq u a d r a t i c  d is p e r s io n  r e l a t i o n ,  e q u a t io n s  ( 4 .2 )  possess a second 
o r d e r  t r a n s i t i o n  p o i n t  ^ = s ay , a t  w h ich  th e  p o s i t i v e  n , p a i r  o f
r o o t s  become e q u a l ,  as do th e  n e g a t iv e  n, p a i r .  As i s  seen from  ( 4 . 9 ) ,  
th e  le a d in g  o rd e r  s i n g u la r  c o u p l in g  te rm s  i n  e q u a t io n  ( 4 .1 3 )  o ccu r  
i n  th e  m a t r i x  D *A *A'D w h ich  has th e  f o l l o w i n g  r e le v a n t  f a c t o r s
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D ‘a *A'D = fu
V u
where
V = and U =
n -  n
V.
The d i f f e r e n c e  i n  the  o rd e r  o f  m agn itude  o f  th e  s i n g u l a r i t i e s  i n  U and 
V a t  Çp im p l ie s  t h a t  (pj and (p2 a re  co u p le d  t o  each o th e r  b u t  n o t  to  93 
and 9,^  , and v i c e  v e rs a .  Hence th e r e  a re  two p a i r w is e  c o u p l in g  e ve n ts  
i n v o l v i n g  th e  p o s i t i v e  and n e g a t iv e  n^ p a i r  o f  waves s e p a r a te ly .  
W r i t i n g
i n "  = a  ± 3 ,
a new column v e c to r  _f i s  d e f in e d  (as i n  4 .1 0 )  by
9 = ER” \ f
where
E = ^ - / a d ç j
and
R =
1 0 0"
3 -B 0 0
0 0 1 1
.0 0 - 3 3.
> (4.14)
Then unde r t r a n s fo r m a t io n  ( 4 ,1 4 )  e q u a t io n s  (4 .1 3 )  become
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f  =
0 1 0  0
3 % 0 0 0
0 0 0 1
0 0
-  E ‘ (ADR ‘ ) ‘ (ADR ‘ ) 'E  F
p r im a ry  c o u p l in g  te rm  
E " ‘ (AD R "‘ ) " ‘ P " ‘ P '(A D R " ‘ )E f
p r i n c i p a l  te rm
seconda ry  c o u p l in g  te rm
(4 .1 5 )
The fo rm  o f  th e  p r i n c i p a l  te rm  i n  ( 4 .1 5 )  shows t h a t  we w i l l  have 
e x t r a c te d  th e  a p p r o p r ia te  second o r d e r  e q u a t io n s  d e s c r ib in g  th e  
p o s i t i v e  and n e g a t iv e  n^ p a i r s  o f  waves s e p a r a te l y ,  p ro v id e d  i t  can 
be d e m ons tra te d  t h a t  th e  c o u p l in g  te rm s  a re  n o n s in g u la r  a t  t r a n s i t i o n  
p o i n t s .  We now f i x  D by c o n s id e r in g  ene rgy  c o n s e r v a t io n .
4 .4  C o n s e rv a t io n  o f  Energy
The p r i n c i p a l  te rm  o f  ( 4 .1 5 )  y i e l d s
f.' = 1 
= e 'F ,  J ( 4 .1 6 )
I . e . f "  + — — g-- —  f1 4 1 = 0
and s i m i l a r l y  f o r  th e  v a r i a b le s  f 3 and f 4 .
For (4 ,1 6 )  w i t h  a r e a l  p o t e n t i a l  - 3 ^ ,  a conserved  q u a n t i t y  i s
J m ( f * f ;  ) = J m ( f f f 2 ) .
On th e  o th e r  hand, th e  e x a c t  f o u r t h  o r d e r  system  ( 4 .2 )  conse rves  th e  
^ -com ponen t,  P ^ , o f  th e  P o y n t in g  f l u x ,  g iv e n  by
Pj, = Re(E B* -  E B * ) .Ç y z z y
U s ing  t r a n s f o r m a t io n s  ( 4 .1 2 )  and ( 4 .1 4 )  t o  w r i t e  P^ i n  te rm s  o f  th e
new v a r i a b le s  f , we seek th e  c h o ic e  o f  D w h ich  w i l l  make P^
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i d e n t i c a l  to  th e  q u a n t i t i e s  conse rved  by ( 4 .1 6 ) .  
S t a r t i n g  from (4 .1 2 )  we w r i t e
4
i =1
4
-  E  * i  ( ^ y i ' B y i ' ^ z i ' B z i )
i =1
Then
Pr = Re[E B* -  E B * ]  ^ y z z y
= Re
-  ( * , E z ,  + + + By, + *4® y4> *
Re h | * ( E  B* - E  B* ) -f l 0 2 p ( E  B* - E  B* ) ' yi ^  zi y i , ' ' yz Z2 Z2 y 2
( 1 - 1 ) te rm
+ 1 * 3 1'( E y ,  - E z , ® ; , )  + 1 * 4 1' ( E y , ® ; ,  -  E , , ® ; , )
+ * , * : ( E y ,  ® : ,  - E z . B ; , )  + W  (E^2 I i 1 ! z i ® ^
( 1 - 2 ) c ro s s  te rm s
+ ( 1 - 3 )  te rm s + ( 1 - 4 )  te rm s + ( 2 - 3 )  terms + ( 2 - 4 )  te rm s + ( 3 - 4 )  te rm s
( 4 .1 7 )
When th e  s o lu t i o n s  o f  n^ a re  r e a l ,  i t  i s  easy to  show u s in g  th e  e x p re s s io n s  
i n  (4 .1 2 )  f o r  m^ ,^ i  = 1 , 2 , 3 , 4  t h a t  th e  c ro s s  te rm s i n  (4 .1 7 )  a re  pure  
im a g in a ry .  In  t h i s  case ( 4 .1 7 )  becomes
- 7 0 -
Pç = ( 1*1 13 -  1 *3 1 = ) n+c+(c+  -  c ‘ ) 
+ ( [ t î T  -  I M " )  n - c ‘ ( c ’  -  c + ) .
( 4 . 1 8 )
The r o o ts  o f  n, may a ls o  o c cu r  i n  complex c o n ju g a te  p a i r s ,  as 
i s  seen from  d is p e r s io n  c u rv e s  f o r  w h ich  n „  < n^ ,  w i t h  two r e a l  
c o n f lu e n c e  p o in t s  and a r e g io n  o f  evanescence between them. In  
t h i s  r e g io n
( n " ) *  = n ^ ,  ( c " ) *  = c ^ ,
and th e  c o n t r i b u t i o n  t o  P^, w h ich  th e n  comes o n ly  from th e  ( 1- 2 ) and 
( 3 - 4 )  c ro s s  te rm s o f  ( 4 . 1 7 ) ,  i s  g iv e n  by
Pr = 2%e ( 0 | 0*  -  0g0* ) n ^ c ^ ( c ^  -  c ) ( 4 . 1 9 )
From (4 .1 2 )  and ( 4 .1 4 )  we have
1%
^  = D£ = d i a g ( d i , d 2 ,d a ,d 4 )£ ,
2 _ 1
"  4 
2 _  j_
■ 4
'p.'Pt = I
'P3<P* = J
Cp2
Cp3
f.q r  +
f 2
3
f 2
 ^ + 2 R e [ f ^ f 2/ g f
3
f4
f4
I
f 3
3
f z
-  2 R p [ f * f 2 / 3 ]
-  2 R e [ f * f , / 3 ]
+ 2 R e [ f % f , / 3 ]
2 i J m [ f * f 2 / 3 ] J
2i J m [ f * f  / 3 ]3 4
( 4 .2 0 )
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Upon s u b s t i t u t i n g  o f  ( 4 .2 0 )  i n t o  ( 4 .1 8 )  we o b t a in  th e  f o l l o w in g  
e x p re s s io n  f o r  i n  th e  case o f  r e a l  n_^,
Pi (n"*" + n ” ) ( n ^  -  n ) n+c+ | d , | 3 ( | r , | =  + \ f z / e \ ^  + 2 8 e [ f » f 2 / e ] )  
-  | d3 |  = ( | F 3 | 2  +  1F4/B|3 -  2 8 e [ f | F 4 / B ] ) j  
n " c ‘ f | d 2 | 3 ( | f ,  |3 + | F2/ B |3 -  2 8 e [ f * f 2 / B ] )
-  | d 4 | ^ ( | f 3 | ^  +  | f 4 / 3 | ^  +  2R e [ f f f 2 / B ] ) J
(4.21)
S e t t i n g
( 4 .2 1 )  becomes
d i  = da = ( n ^ c ^ p i ( n ^  + n ) ) ^
dz = d ,  = (n  c p i ( n  + n  ) )
— s g n ( c ^ p , ) I f . r  +
/
F2
6
( i F 3 r +
— s g n ( c 'p  j ) |F, p  + f 23
- f i F a P +
+ 2 R e [ f * f 2 / 3 ]
-  2B e [ f * f , / G ]
-  2 R e [ f * f 2 / 3 ]
+ 2R e [ f % f , / 6 ]
(4.22)
Note t h a t  0 < e i  < 1 i n  th e  r e g io n  between th e  plasma edge and th e  
lo w e r  h y b r id  resonance , and t h a t  we a re  d e a l in g  w i t h  waves whose 
n „  > 1 .  Hence p i  = e i / c i  -  nf, < 0.
A lso
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£oc ’^ 'c = -e a p in f ,  > 0 and c + c “  = 0 i - £ 3  -    - r  > 0 , V > w 't j  - n,, pc
so t h a t  > 0 ,  c "  > 0  For r e a l  n , .
Thus s g n (c ^ P |)  and s g n ( c " P j ) a re  b o th  n e g a t iv e  and we f i n a l l y
o b t a in
Pg = - 2 ( J m [ f j * f 2 ] + X m [ f * f ^ ] ) .  ( 4 .2 3 )
S i m i l a r l y ,  upon s u b s t i t u t i o n  o f  ( 4 .2 0 )  i n t o  ( 4 .1 9 )  and u s in g  ( 4 . 2 2 ) ,  
we f i n d  t h a t  i n  th e  case o f  complex c o n ju g a te  r o o ts  o f  n, P^ i s  
g iv e n  by
:  f S n i P i l  R e [ (n + _  n - ) ( | f I 21 I f 2 + 2i J m [ f * f ^ / 3 ]
-  | f 3 | =  +  ^ + 2i f m [ f * f , / g ]
S ince  6 = i ( n ^ - n  ) / 2  i s  r e a l  h e re ,  e q u a t io n  ( 4 . 2 3 )  i s  a g a in  y ie ld e d .
4 .5  P r o p e r t ie s  o f  th e  t ra n s fo rm e d  system
W ith  D g iv e n  by (4 .2 2 )  i t  rem a ins  t o  show tha t, th e  c o u p l in g  te rm s 
o f  ( 4 ,1 5 )  a re  n o n s in g u la r  a t  p o in t s  where th e  e ig e n v a lu e s  i n ^  and 
i n  c o in c id e .  H e a d in g 's  p r o o f  c o v e rs  th e  case where D i s  th e  
i d e n t i t y  m a t r i x .  However th e  re s u l t ,  i s  not. t r u e  f o r  a r b i t r a r y  D, 
and s in c e  ( 4 . 2 2 )  in v o lv e s  th e  e ig e n v a lu e s  i n  a c o m p l ic a te d  way, 
th e  c o n c lu s io n  t o  be drawn i n  ou r  case i s  n o t  o b v io u s .  We 
t h e r e f o r e  e x h i b i t  th e  e lem en ts  o f  ADR ‘ i n  o rd e r  t o  d e te rm in e  th e  
b e h a v io u r  o f  th e  c o u p l in g  m a t r ic e s  a t  e ig e n v a lu e  c o n f lu e n c e  p o in t s .
We have t h a t
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ADR' 1 1 1 1
a + 6 a - 3 - ( a  + 3) — (ot — 3 )
(a  + 3)2 (a - 3 ) 2 (a + 3)2 (a  -  3)2
(o + 3 ) * (a - 3 ) : - ( a  + 3 ) ^ - ( a  -  3)3
1 1/3 0 0
1 - 1/6 0 0
0 0 1 - 1 / 3
0 0 1 1 /3 /
r ( p ; ( n ^  + n )n + — + - n c c - ) -  [ a , . ^ 4 x 4
X d ia g ( d  j , d 2, d j , d 2)
where
- S , ®12 ~ G ®13 — ®14 — ^11^, ^ :
2^ 1 = s^ a ■
831 —
83 2 =
04 1 r
84 2 = T “
' 2 2  -  g
, . „ + o 2
S +
a  4- S , 3 2  3 -  - ^ 2 1 »  ^ 2 4 = a
+a + 2s a + s B ,  834 = -832 
3s” 3ot^ + 3s^«3^ + s 6 ^,
-Z+...2 . -7-0.., . +o2 14 4 -  “ 42
and = (n  c )2 ±
Now,
— — 4- -f-n c -  n cg _ — — J T
(n+c+)2 + ( r T c - ) :
216 ( p ] ( ( n ^ )2  -f- (n  + n*^n ) -  £ 3)
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Thus th e  e lem ents  o f  ADR~‘ a re  q u a d ra t ic s  i n  3  ^ whose c o e f f i c i e n t s  
a re  f i n i t e  a t c o n f lu e n c e  p o in t s .
Then adj(ADR” ‘ ) c o n s is t s  o f  f u r t h e r  p o ly n o m ia ls  i n  3^ w i t h  
n o n s in g u la r  c o e f f i c i e n t s  and s in c e
de t (ADR *) = det(AR ^)de t D = — —-----  /  0 ,
P^c^c
th e  m a t r i x  (ADR” ‘ ) ” ‘ = ad j(A D R ~ ‘ ) /d e t(A D R ” ‘ ) i s  n o n s in g u la r  a t 
c o n f lu e n c e  p o in t s .
The e lem en ts  o f  (ADR ‘ ) '  i n v o lv e  te rm s i n  ( B ^ ) '  a r i s i n g  from 
d i f f e r e n t i a t i o n  o f  th e  f a c t o r s  3^ and But
( 3 2 ) '  = -  (n '^ '-  n~) (n"** -  n“ ) '
1 ( ( n +)2  + ( n - ) 2 ) '
2 2
/ e  1 -f- £ 3 )(n f,  -  Cl ) -t- £2 (£ 3 ( ( £ ,  -  nf,) -  CzT "
2Gi I  Cl
from ( 3 . 1 ) .  T h is  d e r i v a t i v e  e x i s t s  and i s  f i n i t e  i n  th e  r e g io n  
between th e  fa s t  wave c u t o f f  and the  lo w e r  h y b r id  resonance f o r  
re a s o n a b le  ( c o n t in u o u s ly  d i f f e r e n t i a b l e )  d e n s i t y  and m agne tic  f i e l d  
p r o f i l e s .  The e lem ents  o f  (ADR” ‘ ) a ls o  c o n ta in  te rm s a r i s i n g  from 
d i f f e r e n t i a t i o n  o f  th e  c o e f f i c i e n t s  o f  th e  q u a d r a t i c s  i n  3 2 . We 
no te  tha t.
= i ( n % n - ) '  i  ( ( ( n " ) ^ . ( n - ) ^ ) / 2 . n V ) '
 ^  ^ (n+ + rT )
Thus a '  i s  a ls o  d e f in e d  i n  te rm s o f  th e  f i n i t e  d e r i v a t i v e s  o f  the  
sum and p ro d u c t  o f  th e  r o o ts  o f  n , .
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F i n a l l y  we must check th e  b e h a v io u r  o f  (s  ) ' .  We have
( s + ) '  = ( ( n V ) ^  + ( n ' c ' ) h ’
( n + c + ) ' ( n - c - ) 5  + ( n - c - ) ' ( n * c + ) 5
2 ( n ' " n ' c ‘" c " )
( n + c + ) ' ( s +  + 3 - )  + ( n ~ c ~ ) ' ( s " - s ~ )
4 ( n V c V ) ^
i . e .  ( s  ) '  = 1,  f  -r — -r — \4( n  n c c )
[ ( n ^  + n ) (p ,( (n^ )^ + (n ) ^ - n ^ n  ) -  £ 3 ) ] '
—  [ ( n " - - n “ )^ (p ,  ( (n + )2  + ( n - ) 2  + n + n -)  -  £ 3) ^ '
so th a t  (s  ) '  c o n s is t s  o f  d e r i v a t i v e s  w h ich  a re  f i n i t e  a t  c o n f lu e n c e  
p o in t s .  We have dem ons tra ted  that, th e  e lem en ts  o f  (ADR" ‘ )~ ‘ and 
(ADR ‘ ) '  a re  n o n s in g u la r  a t  c o n f lu e n c e  p o in t s .  Hence the  p r im a ry  
c o u p l in g  te rm s i n  ( 4 . 1 5 )  a re  n o n s in g u la r  a t a c o n f lu e n c e ,  and, s in c e  
P i s  n o n s in g u la r ,  so a re  th e  seconda ry  c o u p l in g  te rm s .
M oreover, i t  can be v e r i f i e d  (see Appendix f o r  d e t a i l s )  t h a t  th e  
t o t a l  c o u p l in g  m a t r ix  i n  ( 4 . 1 5 )  i s  o f  th e  form
[ ^ i j ^ 4 x 4
i ' l l
0
^ 13
- t . ,  ,
0
-t I 1
-t-14
- t 1 3
/ 2adÇ
Il 3 
^23
h i
0
t
'1 3
- /2adÇ
- t
where
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t - 1 1  —
1
8 (n n c c “ )
( +  n ) ' ( o'*" + c ) + (n ^  + n ) ( +  c )Pi
-  (n+ + n - ) ( c +  + c - ) ' 2G3p2n*
( 6 =)
4 (n + n ” c+c” )
p j(n  + n ) 
( p i ( ( n ^ )2  + (n ” )2 + nAn” ) -  £3
( s h
( p i n h  + £ 3 )^ 
( ( n + c - ) ? + ( n - c + ) : ) 2
13 - ( n V ) '  e j
n+n-
"  4 ( n V c V ) "
(c+  + c ‘ ) '  -  (C+ + C- ) p, a
a
2n h
4-
2 (n + n - )
( P i ( ( n * ) 2  + (n )^ + n h  ) - £ 3 ) ( P i n h  + £ 3 )
s " ( ( n " c - ) ? + ( n - c + ) 4 )
c ;  . ( 6 =)
EaPi ( n  + n ) (n n c c )
2 3 c + c + 4 - —n n
( n + 4 - n - ) ( 6 2 ) T  - £3
4 (n ^n  c^c  )^
( c "  + c ) '  -  ( c "  + c )
(n^n c h  )^ £3P,(n' *’ 4-n )
4- -X ( p , a )  '1 a '
p ,a 2n+n"
( 4 . 2 4 )
Thus th e  c o u p l in g  te rm s a re  seen to  depend on d e r i v a t i v e s  of' £^ , 
i  = 1 , 2 , 3  and on c o m b in a t io n s  o f  n^ and n and t h e i r  d e r i v a t i v e s  
wh ich  a re  w e l l  d e f in e d  a t a c o n f lu e n c e  o f  th e  e ig e n v a lu e s .  A ls o ,
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th e  te rm s wh ich  c o u p le  th e  p o s i t i v e  n, waves to  th e n e g a t iv e  n, p a i r ,
and v ic e  v e rs a ,  have a r a p i d l y  v a r y in g  phase f a c t o r  w h ich  tends  to
c a n c e l  t h e i r  e f f e c t ,  so t h a t  i n t e r a c t i o n  between th e  p a i r s  i s  weak
compared w i t h  c o u p l in g  w i t h i n  each p a i r .
We chose D to  make th e  P o y n t in g  f l u x  conserved  by ( 4 . 1 5 )
i d e n t i c a l  w i t h  th e  q u a n t i t i e s  conse rved  by two second o rd e r  e q u a t io n s
o b ta in e d  from  th e  p r i n c i p a l  te rm s a lo n e .  Th is  n e c e s s a r i l y  fo r c e s  an
e x t r a  symmetry among th e  e lem en ts  o f  [ t .  . ] ,  , so t h a t  th e  c o u p l in g1J 4x4
term s i n  t h i s  case have th e  same c o n s e rv a t io n  p r o p e r t y .  That i s ,  
th e  system
I '  = a ls o  s a t i s f i e s
J m ( f * f ^  ) + j m ( f * f ^  ) = const
I f  th e  n e g le c te d  te rm s t ^ ^  ( i , j  = 1 , 2 )  a re  in c lu d e d  i n  th e  p r i n c i p a l  
system ( 4 . 1 6 ) ,  then  th e  e q u a t io n  d e s c r ib in g  c o u p l in g  between th e  f ; 
and fa v a r i a b le s  becomes
I . e .
n '
I
( 3 ^ 4-
1
- t 11
11 ( 4 . 2 5 )
S ince  t ^ ^  i s  r e a l ,  ( 4 . 2 5 )  m a in ta in s  th e  o r i g i n a l  c o n s e r v a t io n  law ,
w h i le  i n  a d d i t i o n  th e  e r r o r  te rm s t ' and ( t  )  ^ a re  second o rd e r11 11
q u a n t i t i e s  i n  th e  plasma g r a d ie n t s .  T h is  i s  no t t r u e  i f  H e a d in g 's  
t r a n s fo r m a t io n  i s  a p p l ie d  w i t h  D = ^4x4 ’ wh ich  case th e  n e g le c te d
te rm s  t ^ ^ ,  ( i , j  = 1 , 2 )  la c k  symmetry so th a t  t h e i r  i n c l u s i o n  w i t h  
th e  p r i n c i p a l  e q u a t io n  d e s t ro y s  th e  c o n s e rv a t io n  law and th e  e r r o r
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te rm s a re  then  o f  f i r s t  o rd e r  i n  th e  plasma g r a d ie n t s ,  b e in g  la r g e r  
by a f a c t o r  coL/c (where L i s  th e  g r a d ie n t  s c a le  le n g th )  than  th e  
e r r o r  te rm s i n  ( 4 . 2 5 ) .
F i n a l l y  we i n d i c a t e  th e  r e l a t i o n  between th e  embedded second 
o rd e r  e q u a t io n  ( 4 .1 6 )  and our model Weber e q u a t io n  c o n s t r u c te d  
e a r l i e r .  The f u n c t io n  ( n ^ - n  )  ^ has a t  most two ze ros  and so we 
may w r i t e
( n + - n - ) Z  = g ( ( ) ( S  - ( , ) ( ( -  ( 2 ) ;  g (5 )  > 0 WÇ.
Let
= 5 , + S z ,  ;  = h ( C - C m )  and g(C) = G ( G X
Then ( 4 . 1 6 )  becomes
d ' f  G ( 0  
d ^  + " 4 h ^
i l  _
h" 4 f  = 0 .
The a p p ro x im a t io n  now e n te r s  th ro u g h  an assum ption  about G. Tak ing  
G(C) = G ( 0 ) f  WÇ, and h = G^(G) ,  W eber's  e q u a t io n  w i t h  a = G^(0)
i s  o b t a in e d .
4 .6  A pp rox im a te  e x p re s s io n s  f u r  th e  e le c t r o m a g n e t ic  f i e l d s
G iven t h a t  th e  ( f i , f 2 ) and ( f a , f 4 ) p a i r s  o f  v a r i a b le s  are  
w eak ly  c o u p le d ,  we m igh t t r y  t o  d e s c r ib e  th e  e le c t r o m a g n e t ic  f i e l d s  
as f o l l o w s .
U s ing  our t r a n s fo r m a t io n
e = MDER” ' f  (4 .26)
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w i t h  D g iv e n  by ( 4 . 2 2 ) ,  we c o n c e n t ra te  on the  ( f i j t z )  p a i r  w h ich  
co rre sp o n d s  to  p o s i t i v e  n, waves and s e t
F, = F4 = 0
eve ryw he re . V a r ia b le s  f j  and f ;  a re  then  ta ke n  to  be th e  s o lu t io n s  
o f  ( 4 . 1 6 )  posed as an i n i t i a l  v a lu e  p rob lem . W ith  th e  f u n c t i o n a l  
b e h a v io u r  o f  _f th u s  p r e s c r ib e d ,  e x p re s s io n s  f o r  th e  p h y s ic a l  f i e l d s  
f o l l o w  from ( 4 . 2 6 ) .  So, i n  an a p p ro x im a te  sense,
r'tr ^
[ p , ( n +  + n ' ) ]
where
a 11
'1 2
'2 1
( n + - n " )
= -  iEsPzn,,
, 1 11y  2 c
4-
[P J Ln J - f -  -2n n a J J
( p ,n ^ n  + 6 3 )
T  +
1£3
J -2n n a
(n+c+ )5  ( n ' c “ ) *
+ (n  )^ + n 'n  ) -  C3I- - ,
2 1
'3 1
*3 2
ipzn,,
2 4-
/^ n ^2
v*- y
284 1 [ p , ( ( n ^ ) 2  +  ( n  ) ^  4- n ’^ ’ n  ) -  £ 3 ]
> ( 4 . 2 7 )
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A ls o ,
= (n „B ^  + i C z E y ) / ^ , .  ( 4 . 2 8 )
In  th e  nex t c h a p te r ,  these  e x p re s s io n s  a re  used to  c a l c u la t e  the  
e l e c t r i c  f i e l d  v a r i a t i o n .  We w i l l  see t h a t  the  r e s u l t s  o b ta in e d  in  
t h i s  way compare v e ry  w e l l  w i t h  exac t f i e l d  p r o f i l e s  c a lc u la t e d  
from th e  s o lu t i o n s  o f  th e  f u l l  f o u r t h  o rd e r  e q u a t io n  ( 4 . 2 ) .
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CHAPTER 5 
SOME NUMERICAL COMPARISONS
3.1 T ra n s m iss io n  C o e fF ic le n T s
In  T h is  se c T io n ,  T ra n s m is s io n  c o e f f i c i e n T s  obTained from n u m e r ic a l
in T e g ra T io n  o f  ou r exacT fo u rT h  o rd e r  equaT ions ( 4 . 2 )  a re  compared
wiTh r e s u lT s  g iv e n  by The second o rd e r  Theory o f  C hap te r 3. The
com parison  i s  c a r r i e d  ouT f o r  The u n i fo rm  m agne tic  f i e l d  case o n ly
The lo w e r  h y b r id  mode c o n v e rs io n  i s  v e ry  s e n s iT iv e  To n „  i n
ThaT The T ra n sm iss io n  c o e f f i c i e n T s  can d i f f e r  s i g n i f i c a n T l y  from
1 /2  f o r  d e v ia T io n s  | A n | / n  as s m a l l  as 2%10  T h e re fo re  The o rd e rc
M c o r r e c t i o n s  To e x p re s s io n  ( 3 , 6 )  f o r  n ^ ,  w h i le  noT ImporTanT i n  The 
f i n a l  re s u lT  ( 3 . 2 9 ) ,  musT be kepT i f  we a re  To f o l l o w  The mode 
c o n v e rs io n  n u m e r ic a l l y .  As b e fo re  we Take a l i n e a r  d e n s i t y  p r o f i l e ,  
and rew ork  The a lg e b ra  o f  SecT ion 3 .1, buT u s in g  The f u l l  c o n d iT io n  
( 3 . 3 8 ) ,  ra T h e r  Than ( 3 . 5 ) ,  f o r  a c o n f lu e n c e  o f  The rooTs o f  n^ To 
o c c u r .  The co rre cT e d  forms o f  equaT ions ( 3 . 6 )  and ( 3 , 7 )  a re  Then 
g iv e n  by
~ -  p ( l - y ^ )  ( 5 . 1 )
and
= 5 T T -  y M ( 1  -  p ( l  - y ' ) * )  “ ( ^ ^ 2 )
An in T e g ra T io n  r o u t i n e ,  a v a i l a b le  from  The FORTRAN NAG L ib r a r y ,  
w h ich  employs The e x p l i c i T  Runge-KuTTa meThod i s  used To s o lv e  an 
i n i T i a l  v a lu e  p rob lem  f o r  The mode c o u p l in g  c o n f i g u r a i  io n  o f  F i g , 5,1
SLOW
FAST
0Êinit
F ig u r e  5.1 Mode c o u p l in g  c o n f i g u r a t i o n  f o r  i n i t i a l  v a lu e  
p rob lem  ( 5 . 3 )
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i n  w h ich  a s low  wave i s  i n c id e n t  from  th e  h ig h  d e n s i t y  s id e .
We s o lv e
de ( 5 , 3 )
w i t h
e, = [ n + c + ( c + -  c - ) ] - 5  m,
^ ■ ^ i n i l
( n o t a t i o n  d e f in e d  as i n  ( 4 . 1 2 ) ) ,  so tha t,  th e  i n i t i a l  p o l a r i s a t i o n  
i s  i n  th e  p o s i t i v e  n, s low  mode, and where th e  d e n s i t y  dependence i n
T, , i s  ta ke n  as 4x4
w" -  %  *
The s t a r t i n g  p o in t  f o r  th e  i n t e g r a t i o n  i s  d e te rm in e d  by th e
r o o t  o f  th e  e q u a t io n
^  ( n + _ n - )  = 0
That i s ,  i s  th e  p o in t  on th e  low  d e n s i t y  s id e  a t w h ich  th e  two
wavenumbers a re  f u r t h e s t  a p a r t .  O f cou rse  a more n a t u r a l  i n i t i a l  
v a lu e  p rob lem  th a n  th a t  o f  F ig  5,1 i s  one f o r  w h ich  th e re  a re  i n c id e n t  
and mode c o n v e r te d  waves i n  th e  r e g io n  Ç < 0 , w h i le  t r a n s m i t t e d  s low  
wave energy  p roceeds  tow ards  th e  re s o n a n t  la y e r  In  t h i s  case, 
i n t e g r a t i o n  must s t a r t  on th e  h ig h  d e n s i t y  s id e  and c o n t in u e  u n t i l  
we reach  a p o in t  i n  th e  r e g io n  Ç < 0 where convergence o f  th e  
q u a n t i t i e s  w h ich  g iv e  th e  energy  f l u x  i n  each mode, and hence th e  
t r a n s m is s io n  c o e f f i c i e n t ,  i s  a c h ie v e d .  However i t  i s  no t n u m e r ic a l l y  
f e a s ib le  t o  s o lv e  t h i s  i n i t i a l  v a lu e  p rob lem  s in c e  these  q u a n t i t i e s
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n eve r  converge  t o  w i t h i n  an a c c e p ta b le  accu racy  (2 dec im a l p la c e s ) .
T h is  happens because th e  r o o t s  n^  and n~ do not d iv e rg e  s u f f i c i e n t l y  
i n  th e  low  d e n s i t y  r e g io n  t o  a l lo w  a s y m p to t ic  development o f  th e  
WKBJ s o l u t i o n s .
T ra n sm iss io n  and c o n v e rs io n  c o e f f i c i e n t s  a re  c a lc u la t e d  as 
f o l l o w s .  The s o lu t i o n s  o f  ( 5 . 3 )  may be re p re s e n te d  i n  a s y m p to t ic  
r e g io n s  o f  p ro p a g a t io n  by a l i n e a r  c o m b in a t io n  o f  th e  fo u r  
c h a r a c t e r i s t i c  waves so t h a t  we can w r i t e
e_ =
w i t h
A = d ia g ( d  j , d 2,d  j , d  2) ,  d^  = [ n ^ c ^ X c ^ - c  ) ] ~ ^ ,  d2 = [ n  c ( c * ' ' - c ’" ) ]  ^
( 5 . 4 )
where A i s  chosen to  n o rm a l is e  th e  P o y n t in g  f l u x  o f  each mode to  
u n i t y  (see  ( 4 . 1 8 ) )  Then e j^ i s  g iv e n  by s e t t i n g
= ( 1 , 0 , 0 , 0 ) t
We s o lv e  ( 5 . 3 )  f o r  th e  f i e l d s  e^  and then  i n v e r t  ( 5 - 4 )  i n  th e  a s y m p to t ic  
re g io n  Ç > 0 t o  o b t a in  th e  a m p l i tu d e s  wh ich  co r re sp o n d  t o  th e  
P o y n t in g  f l u x  i n  each o f  th e  f o u r  modes. The t ra n s m is s io n  c o e f f i c i e n t  
i s  g iv e n  by
T = l im  
S »  0
w h i le  th e  f r a c t i o n  o f  energy  c o n v e r te d  t o  f a s t  waves i s
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MC = l im  
5 »  0
As e xp e c te d ,  we a ls o  f i n d  t h a t
T 4-MC = 1 ( t o  f o u r  de c im a l p la c e s )
and
~  0 (1 0 “ "*) i n  th e  r e g io n  C »  0 ,
i n d i c a t i n g  th a t  n e i t h e r  o f  th e  n e g a t iv e  n, waves i s  e x c i t e d .  Tab le
5.1 compares t r a n s m is s io n  c o e f f i c i e n t s ,  o b ta in e d  
a c c o rd in g  to  t h i s  scheme w i t h  r e s u l t s  g iv e n  by th e  second o rd e r  th e o ry  
( 3 . 2 9 ) .  Good agreement i s  i n d i c a t e d .
5 .2  E l e c t r i c  f i e l d  v a r i a t i o n  i n  th e  mode c o u p l in g  re g io n
F ig u re s  5 .2 ,  5 .4  and 5 .6  show th e  s p a t i a l  v a r i a t i o n  o f  th e  x ,  y 
and z components r e s p e c t i v e l y  o f  th e  e l e c t r i c  f i e l d  v e c to r  o b ta in e d  
from  th e  s o lu t i o n s  o f  th e  e xac t f o u r t h  o rd e r  p rob lem  ( 5 .3 )  f o r  the  
case n „  = n ^ .  These i l l u s t r a t e  th e  expec ted  mode c o n v e rs io n  
b e h a v io u r .  The waveform in  Ç > 0 , a m ix tu re  o f  th e  in c id e n t  and 
c o n v e r te d  modes, becomes a re so n a n t  response around ^ = 0 and 
co n n e c ts  t o  a s in g le  s in u s o id a l  component wh ich  i s  th e  t r a n s m i t t e d  
s low  wave.
Next we s o lv e  th e  second o rd e r  system
Tab le  5.1 Param eters  cü/ Z tt = 800 MHz, Bo = 2 .5  T e s la ,  L = 0 .4  m
and m./m = 3672.1 e
An/n c ^ n u m e r ic a l ^ th e o ry
- 1 . 0  X 10 "^ 0 .007 0.007
- 5 . 0  X 10"4 0 .080 0 .079
- 4 . 0  X i o r ^ 0 .1 2 4 0.123
- 3 .0  X 1 0 " * 0 .187 0 .186
- 2 . 5  X 1 0 " * 0 .226 0.226
- 2 . 0  X 1 0 " * 0.271 0 .272
- 1 . 5  X 1 0 " * 0 .320 0 .323
_4- 1 . 0  X 10 ^ 0 .3 7 4 0 .379
- 5 . 0  X 10"^ 0.431 0 .438
0 .0 0 .490 0 .500
+ 5 .0  X 1 0"^ 0 .549 0.561
1 .0  X 1 0 " * 0 .607 0 .620
1 .5  X 1 0 " * 0 .662 0 .675
2 .0  X 1 0 "* 0 .713 0 .725
2 .5  X 1 0 " * 0 .759 0 .774
3 .0  X 1 0 " * 0 .800 0 .814
4 .0  X 1 0 " * 0 .866 0 .877
5 .0  X 1 0 " * 0 .914 0.921
8 .0  X 1 0 "* 0.981 0.981
F ig u re  5 .2  S p a t i a l  v a r i a t i o n  o f  ( a r b i t r a r y  u n i t s )  a c ro s s  th e
mode c o n v e rs io n  r e g io n  c a lc u la t e d  from  th e  s o lu t i o n s
o f  th e  f u l l  f o u r t h  o r d e r  p rob lem  ( 5 .3 )  f o r  th e  case
n „  = n ^ ,  w i t h  p a ra m e te rs  w /2n  = 800 MHz, 8^ = 2 .5  T e s la ,
L = 0 .4  m and m./m = 3672.1 e
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F ig u re  5 .3  D i f f e r e n c e  between th e  e x a c t  va lu e s  o f  F ig  5 .2  and 
those  o b ta in e d  by u s in g  th e  s o lu t i o n s  o f  th e  second 
o rd e r  i n i t i a l  v a lu e  p rob lem  ( 5 .5 )  i n  ou r  t r a n s fo r m a t io n  
( 4 . 2 5 ) .  That i s
^^x  ^ ^ x ^ 4 th  o rd e r (E )X 2nd o rd e r "
X
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Figure  5.4 S p a tia l v a r ia t io n  o f E ca lc u la te d  as fo r  F ig  5 .2 .
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F igure  5.5 D iffe re n ce  between the exact values o f  F ig  5.4 and
those ob ta ined by using the s o lu tio n s  o f (5 .5 ) in
(4 .2 5 ).
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Figure 5.6 S p a tia l v a r ia t io n  oF ca lc u la te d  as fo r  F ig  5.2
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Figure  5.7 D iffe re n ce  between the exact values o f F ig  5.6 and
those ob ta ined by using the s o lu tio n s  o f  (5 .5 ) in
(4 .2 5 ).
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f ’ = f2
(n+ - n " ) ( 5 . 5 )
where th e  i n i t i a l  va lu e s  f o r  JT a re  r e la t e d  to  th e  f u l l  f o u r t h  o rd e r  
c o n d i t i o n  by
e j = MDER ^ r o
f2
0
. 0 . ^ - ^ i n i t
and D i s  as d e f in e d  i n  (4 : .2 2 ) .  
Hence
1
( n + -  n " ) ' fzCSinif) = i
^ "  ^ i n i t ^ "  ^ i n i t .
The s o lu t i o n s  o f  ( 5 . 5 )  a re  now used i n  c o n ju n c t io n  w i t h  ( 4 . 2 6 ) ,  ( 4 .2 7 )  
and (4 .2 8 )  t o  o b t a in  e x p re s s io n s  f o r  th e  e l e c t r i c  f i e l d s ,  wh ich  we 
compare w i t h  th e  f u l l  f o u r t h  o r d e r  s o l u t i o n s  by g ra p h in g  t h e i r  
a lg e b r a i c  d i f f e r e n c e  i n  F i g s . 5 .3 ,  5 .5  and 5 .7 .
E xa m in a t io n  o f  F i g s . 5 .2  and 5 .3 ,  say ,  t o g e th e r  re v e a ls  t h a t  th e  
second o rd e r  v a lu e s  f o r  d e v ia te  from  th e  e xac t f o u r t h  o rd e r  
v a lu e s  by le s s  than  2% th ro u g h o u t  th e  i n t e g r a t i o n  r e g io n ,  and 
s i m i l a r l y  f o r  th e  E^ and E^ com ponents. T h is  c o n c lu s io n  a ls o  h o ld s  
away from  th e  c r i t i c a l  v a lu e  o f  n „  as i s  seen by com paring  F i g s , 5 .8 ,  
5 .1 0  and 5 .1 2 ,  wh ich  show th e  e xac t e l e c t r i c  f i e l d  v a r i a t i o n  f o r  a
case n „  < n ^ ,  w i t h  the  d i f f e r e n c e  p l o t s  o f  F i g s , 5 .9 ,  5.11 and 5 .13
F ig u re  5 .8  S p a t i a l  v a r i a t i o n  o f  ( a r b i t r a r y  u n i t s )  a c ro ss  th e  
mode c o n v e rs io n  r e g io n  c a lc u la t e d  from  th e  s o lu t i o n s  
o f  th e  f u l l  f o u r t h  o r d e r  p rob lem  ( 5 . 3 )  f o r  th e  case 
An/n_  = - 2 . 5 x 1 0  w i t h  pa ram e te rs  (ji) / 2 tt = 800 MHz,
B, = 2 .5  T e s la ,  L = 0 .4  m and m./m = 3672.1 e
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Figure  5.9 D iffe re n ce  between the exact values o f  F ig  5.8
and those ob ta ined by using the s o lu tio n s  o f  (5 .5 )
in  (4 .2 5 ).
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F igure 5.10 S p a tia l v a r ia t io n  o f ca lc u la te d  as fo r  F ig  5.8,
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Figure 5.11 D iffe re n ce  between exact values o f  F ig  5.10 and
those ob ta ined by using the s o lu tio n s  o f (5 .5 ) in
(4 .2 5 ).
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F igure  5.12 S p a tia l v a r ia t io n  o f  ca lc u la te d  as fo r  F ig  5 .8 .
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Figure 5.13 D iffe re n ce  between exact values o f  F ig  5.12 and
those ob ta ined by using the s o lu tio n s  o f (5 .5 ) in
(4 .2 5 ).
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r e s p e c l i v e l y . For com p le teness  we a ls o  c o n s id e r  a case n „ > n ^ ,  th e  
exa c t  f i e l d  v a r i a t i o n  b e in g  shown i n  F i g s . 5 .1 4 ,  5 .16  and 5 .1 8 ,  w h i le  
th e  d i f f e r e n c e  between e xa c t  and second o rd e r  s o lu t i o n s  i s  p l o t t e d  
i n  F ig s .5 » 1 5 ,  5 .17  and 5 .1 9 .  A ls o  o f  i n t e r e s t  on th e  d i f f e r e n c e  
p l o t s  a re  th e  s m a l l  a m p l i tu d e  b e a t in g  s t r u c t u r e s  i n  th e  re g io n  Ç < 0. 
These p l o t s  show what i s  l e f t  o f  th e  f u l l  s o l u t i o n  once th e  p o s i t i v e  
n, waves have been fa c to r e d  o u t ,  and s in c e  a s in g le  WKBJ s o lu t i o n  
o f  th e  f o u r t h  o rd e r  e q u a t io n  i s  c o u p le d ,  a l b e i t  w e a k ly ,  t o  th e  o th e r  
t h r e e ,  what we a re  s e e in g  he re  i s  a s m a l l  a d m ix tu re  o f  th e  n e g a t iv e  
n, modes present, i n  th e  f u l l  s o l u t i o n ,  w h ich  beat t o g e th e r  as t h e i r  
wavenumbers conve rge .
As a f i n a l  com pa r ison , we s o lv e  th e  second o rd e r  i n i t i a l  va lu e  
p rob lem  ( 5 ,5 )  f o r  th e  case n „  = n^ ,  bu t  w i t h  D = ^4x4 H e a d in g 's
o r i g i n a l  f o r m u la t io n ,  and p l o t  th e  e l e c t r i c  f i e l d  v a r i a t i o n  o b ta in e d  
from  t h i s  p ro ce d u re  i n  F i g s , 5 .2 0 ,  5.21 and 5 .2 2 .  Comparing these  
g raphs  w i t h  F ig s .  5 .1 ,  5 .2  and 5 .3 ,  we f i n d  t h a t  H e a d in g 's  o r i g i n a l  
t r a n s f o r m a t io n ,  when a p p l ie d  t o  th e  s o lu t i o n s  o f  ( 5 . 5 ) ,  e x a c t l y  
re p ro d u ce s  th e  d e t a i l e d  phase v a r i a t i o n  o f  th e  f i e l d s ,  but i t  does 
not g iv e  th e  c o r r e c t  b e h a v io u r  f o r  th e  a m p l i tu d e s  o f  th e  o s c i l l a t i o n s .  
These d i f f e r  from th e  a m p l i tu d e s  o f  th e  f u l l  f o u r t h  o rd e r  s o lu t i o n s  
by a m o n o to n ic a l ly  in c r e a s in g  f a c t o r  w h ich  v a r ie s  between 2 and 5 
i n  th e  Ç range p l o t t e d .
In  o rd e r  t o  b e t t e r  a p p ro x im a te  th e  f i e l d  a m p l i tu d e s  u s in g  
H e a d in g 's  t r a n s fo r m a t io n  and th e  s o lu t i o n s  o f  a second o rd e r  e q u a t io n ,  
we must r e t a i n  i n  ( 5 . 5 )  th e  c o u p l in g  te rm s w h ic h ,  as m en tioned  in  
S e c t io n  4 . 5 ,  a re  o f  f i r s t  o rd e r  i n  th e  plasma g r a d ie n t s .  To see
F ig u re  5 .1 4  S p a t ia l  v a r i a t i o n  o f  ( a r b i t r a r y  u n i t s )  a c ro s s  th e  
mode c o n v e rs io n  r e g io n  c a lc u la t e d  from  th e  s o lu t i o n s  
o f  th e  f u l l  f o u r t h  o rd e r  p rob lem  ( 5 .3 )  f o r  th e  case 
A n /n ^  = + 2 . 5 x 1 0  w i t h  pa ram e te rs  (j ü / 2 i t  = 800 MHz, 
Bp = 2 .5  T e s la ,  L = 0 .4  m and mi/m© = 3672.
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F igure  5.15 D iffe re n ce  between exact values o f  F ig 5.14 and
those ob ta ined by using the s o lu tio n s  o f (5 .5 ) in
(4 .2 5 ).
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Figure 5.16 S p a tia l v a r ia t io n  o f  ca lc u la te d  as fo r  F ig  5.14,
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Figure  5.17 D iffe re n ce  between exact values o f F ig 5.16 and
those ob ta ined by using the s o lu tio n s  o f (5 .5 ) in
(4 .2 5 ).
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F igure 5.18 S p a tia l v a r ia t io n  o f  ca lc u la te d  as fo r  F ig  5 .14.
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F igure  5.19 D iffe re n ce  between exact values o f  F ig  5.18 and
those ob ta ined by using the s o lu tio n s  o f  (5 .5 ) in
(4 .2 5 ).
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F ig u re  5 .2 0  S p a t i a l  v a r i a t i o n  o f  ( a r b i t r a r y  u n i t s )  c a l c u la t e d
by us ing , th e  s o l u t i o n s  o f  ( 5 . 5 )  i n  ( 4 . 2 5 ) ,  b u t  w i t h
D = 1^x4 th ro u g h o u t ,  as i n  H e a d in g 's  o r i g i n a l  f o r m u la t io n .
Param ete rs  n „  = n ^ ,  w/2w = 800 MHz, = 2 .5  T e s la ,
L = 0 .4  m and m./m = 3672.1 e
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Figure 5.21 S p a tia l v a r ia t io n  o f  c a lcu la te d  as fo r  F ig  5.20,
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F igure 5.22 S p a tia l v a r ia t io n  o f E ca lcu la te d  as fo r  F ig 5.21.
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t h i s ,  c o n s id e r  th e  system g iv e n  by
1 " 0 f g / 9 ;
9292 \  y 6^ 0 92
* -^ i j^ 2 x 2 ( 5 .6 )
4x4"where th e  c o u p l in g  te rm s a re  o b ta in e d  from  (4 .1 5 )  w i t h  D 
t h i s  case , (compare w i t h  ( 4 . 2 4 ) ) ,
t j j  and t  2 2 a re  r e a l  bu t  tg ^  /  - t , , ,
w h i le  t i 2 and t j i  a re  b o th  n o n -z e ro  and pure  im a g in a ry .
W r i t i n g  ( 5 . 6 )  as a s i n g l e  second o r d e r  e q u a t io n  we o b t a in
In
9 ; - *■.1 *  ^22 +
+ V . -  ^ 2 ^ . .■] 9. = 0
T h is  may be pu t i n  norm al fo rm  v ia  th e  t r a n s fo r m a t io n
gj = exp ^11 ^ 2 2  + T r f dC12
( 5 .7 )
f i n a l l y  y i e l d i n g
+ t,,) + derivative^tlrms f j  = 0 .  ( 5 . 8 )
Now i t  can be shown th a t
^11 = “ ( G 3 P 2 ) '  [ P 2 ( n "  +  n - ) ] '  [ p , ( ( n +)2  +  ( n - ) 2 + n + n - )  - 6 3 ]G3P2 Pz(n 4- n ) /  +  — 4 p ,n  n
[(n+^n-)[p, ((n+): + (n ' ) 2  -n+n') - £3]]' 
4p. n V ( n * . ^ n ' )
and
8 8 -
[ p i ( n  4- n  )  ]  ' 
p i ( n ^  + n~) Ap^n^n
^  [ p , ( ( n + ) :  + ( n - ) : - n + n - ) - e 3 ]  P2 *
-  [ p j ( ( n " ^ ) ^  +  ( n  ) ^ + n ’^n > - € 3 ] '
i n  w h ich  case ( 5 ,7 )  becomes
-  + - -  -.2 -9 i  *  ( 1 + t , : ) " = ( n " n - e 3 P l ) - 4 ( p , ( n "  + n - ) ) - : f ,
a  (1 + t  j, j ) ”  ^(n '^n~c '^c~ )~^ (p j (n"^ + n~) )
i
»  ( d ; d 2 ) ^ F i ,  where d  ^ and d  ^ a re  d e f in e d  i n  ( 4 . 2 2 ) .
Roughly sp e a k in g ,  th e  s o l u t i o n s  o f  ( 5 . 8 )  behave l i k e  those  o f
( 5 . 5 ) ,  and so g^ and g^ can be r e l a t e d  to  th e  s o lu t i o n s  f   ^ and f  2 o f
( 5 . 5 )  u s in g  ( 5 . 7 ) .  T h is  e nab le s  us to  compare, i n  a h e u r i s t i c  way, 
th e  f i e l d  a m p l i tu d e s  o b ta in e d  from th e  p r e s c r i p t i o n  o f  S e c t io n  4 .6  
w i t h  th e  f i e l d s ,  e ^ ,  g iv e n  by th e  a c t io n  o f  H e a d in g 's  t r a n s fo r m a t io n  
on th e  s o lu t i o n s  o f  ( 5 . 6 ) .  Then
e^ = MER ' gT «  ( d i d , ) :  MER * ' f , '
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so t h a t  i n  ( 4 .2 6 )  ou r d ia g o n a l  t r a n s fo r m a t io n  D i s  re p la c e d  by a 
s c a la r  f u n c t i o n  wh ich i s  th e  g e o m e tr ic  mean o f  th e  e lem en ts  o f  D.
C le a r l y  H e a d in g 's  ' c o u p l i n g '  te rm s a re  im p o r ta n t  because they  
p r o v id e  th e  c o r re c t ,  o rd e r  o f  m agn itude  v a r i a t i o n  f o r  th e  f i e l d  
a m p l i tu d e s .  On th e  o th e r  hand, ou r  t r a n s fo r m a t io n  no t o n ly  
g u a ra n te e s  th e  c o r r e c t  a m p l i tu d e  v a r i a t i o n  th ro u g h  th e  m a t r i x  D, 
bu t  a ls o  y i e l d s  c o u p l in g  te rm s w h ich  a re  an o rd e r  o f  m agnitude
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s m a l le r  i n  th e  g r a d ie n t  s c a le  le n g th  than  those  a p p e a r in g  i n  
H e a d in g 's  f o r m u la t io n .  We t h e r e f o r e  co n c lu d e  t h a t  ou r  t r a n s fo r m a t io n  
i s  a s u c c e s s fu l  one.
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I n  t h i s  t h e s i s ,  we f i r s t l y  i n v e s t i g a t e d  th e  h y b r id  resonances 
i n  a c o ld  p lasm a. I t  was shown how th e se  f i t  i n t o  th e  C .L -D . mode 
c o u p l in g  model and t h a t  th e  Sudden t u n n e l l i n g  c o e f f i c i e n t s  a re  
re c o v e re d .
Next we used a second o r d e r  th e o ry  t o  examine th e  mode 
c o n v e rs io n  between f a s t  and s low  waves i n  th e  lo w e r  h y b r id  f re q u e n cy  
ra n g e .  I t  was found t h a t  th e  p a ra m e te r ,  K, wh ich  c h a r a c te r i s e d  the  
mode c o n v e rs io n  i n  a plasma w i t h  l i n e a r  d e n s i t y  a n d /o r  m agne t ic  
f i e l d  p r o f i l e s  was o f  o rd e r  u n i t y  o r  le s s  o n ly  f o r  a v e ry  s m a l l  
range o f  n „  abou t i t s  c r i t i c a l  v a lu e  i n  each case . Thus th e  
t r a n s m is s io n  c o e f f i c i e n t  f o r  a p a r t i c u l a r  mode goes ve ry  s h a r p ly  
from  0 to  1 as n „  goes from n „  < n^ t o  n „  > n^ .
The presence  o f  a m agne t ic  f i e l d  g r a d ie n t  s a t i s f y i n g  L /R  -  ^ 
does, however, s h i f t  th e  mode c o n v e rs io n  p o in t  t o  a d e n s i t y  some 
200 t im e s  ((m u/m ^)  ^ f o r  a d e u te r iu m  p lasm a) le s s  than  in  th e  o th e r  
cases .
We then  in v e s t ig a t e d  th e  e x a c t  f o u r t h  o rd e r  system o f  O .D .E 's  
f o r  th e  low e r  h y b r id  p rob lem  i n  o r d e r  to  d is c o v e r  w he ther th e  use 
o f  a second o rd e r  d i f f e r e n t i a l  e q u a t io n  was j u s t i f i e d .  I t  was 
dem on s tra te d  t h a t  H e a d in g 's  t r a n s fo r m a t io n  d i s t i n g u is h e s  th e  
p o s i t i v e  and n e g a t iv e  n^ p a i r s  o f  waves, and e x t r a c t s  th e  a p p r o p r ia te  
second o rd e r  e q u a t io n s  d e s c r ib in g  c o u p l in g  e v e n ts  f o r  each p a i r  
s e p a r a te l y .  An e x te n s io n  o f  H e a d in g 's  t r a n s fo r m a t io n  was used i n  
w h ich  th e  P o y n t in g  f l u x  was i d e n t i f i e d  w i t h  th e  w e l l  known
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conse rved  q u a n t i t y  o f  the  second o rd e r  e q u a t io n s .  T h is  m o d i f i c a t i o n  
a ls o  im proved th e  a ccu ra cy  o f  th e  second o r d e r  a p p ro x im a t io n .
T ra n sm is s io n  c o e f f i c i e n t s  o b ta in e d  from  n u m e r ic a l  i n t e g r a t i o n  
o f  th e  e x a c t  f o u r t h  o rd e r  system  i n  th e  u n i fo rm  m agne tic  f i e l d  case 
were i n  good agreement w i t h  th o se  g iv e n  by ou r  second o rd e r  t h e o ry .  
F i n a l l y ,  we r e t r i e v e d  e x p re s s io n s  f o r  the  p h y s ic a l  f i e l d s  i n  te rm s 
o f  th e  a m p l i tu d e  a p p e a r in g  i n  th e  second o rd e r  e q u a t io n .  These 
rep roduce d  the  e l e c t r i c  f i e l d  v a r i a t i o n  a c ro ss  th e  mode c o n v e rs io n  
re g io n  i n  agreement w i t h  e x a c t  s o l u t i o n s  o f  the  f o u r t h  o rd e r  
e q u a t io n s .  We t h e r e f o r e  co n c lu d e  t h a t  a second o rd e r  d i f f e r e n t i a l  
e q u a t io n  r e p r e s e n ta t io n  o b ta in e d  from  a l o c a l  d is p e r s io n  r e l a t i o n  
v a l i d  i n  the  c o u p l in g  r e g io n  does c a r r y  a l l  the  in f o r m a t io n ,  i n  a 
l o s s - f r e e  s i t u a t i o n ,  about th e  mode c o u p l in g  p ro c e s s .
S u g g e s t io n s  f o r  f u r t h e r  work
Very r e c e n t l y ,  F r ie d la n d  (1985 , 1986) has d e r iv e d  th e  mode 
c o u p l in g  e q u a t io n s  o f  Fuchs e t  a l  and C .L -D .  by em p loy ing  a 
re n o rm a l is e d  g e o m e t r ic a l  o p t i c s  p e r t u r b a t i o n  expans ion  to  s o lv e  
th e  M a x w e l l - k in e t i c  e q u a t io n s  d i r e c t l y .  The d e r i v a t i o n  a ls o  p ro v id e s  
a com p le te  p h y s ic a l  d e s c r i p t i o n  o f  th e  a m p l i tu d e s  and p o la r i s a t i o n s  
o f  th e  i n t e r a c t i n g  modes. The a n a ly s i s  assumes t h a t  th e  plasma 
d i e l e c t r i c  te n s o r  i s  H e r m i t ia n  w h ich  g u a ra n te e s  energy c o n s e r v a t io n .  
T h is  c o n s e rv a t io n  law i s  needed i n  o rd e r  to  connec t th e  WKBJ 
s o lu t i o n s  o u ts id e  th e  c o u p l in g  r e g io n .
A f u r t h e r  area o f  work m ig h t  be th e  e x te n s io n  o f  second o rd e r  
t h e o r ie s  to  d e s c r ib e  s i t u a t i o n s  where th e  mode c o n v e r te d  wave i s
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s t r o n g l y  damped. T h is  i s  th e  case , f o r  exam ple, a t  th e  second 
e le c t r o n  c y c lo t r o n  ha rm on ic  resonance  l a y e r ,  where r e l a t i v i s t i c  
a b s o r p t io n  e f f e c t s  g r e a t l y  m o d i fy  th e  mode c o n v e rs io n  s t r u c t u r e  f o r  
wave p ro p a g a t io n  n e a r ly  p e r p e n d ic u la r  t o  th e  e q u i l ib r i u m  m agne t ic  
f i e l d  ( Im re  and W e i tz n e r ,  1985 a , b ) .
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APPENDIX
The coup ling  m a trix  in  (4 .15) g iven by
( t . . ) .  . = -  E"*(ADR“ ‘ ) " ^ A D R " ‘ ) 'E  -  E~ ‘ (ADR" ' ) ”  * P " ‘ P ' (ADR"')E  1 j  4x4
can be w r i t t e n  as
( t . j ) 4 ^ 4  = -  E " ' ( A D R " ' ) " 'P " ' ( P A '  -f P 'A)DR"*E 
-  E " * ( A D R " ' ) " ' ( A D 'R " '  -h A D (R " * ) ' )E
I . e .
( t i  ^ 4 ^ 4  = -  E" 'RD 'M *M'DR *E -  E *R D " 'D 'R  'E 
-  E " 'R ( R " ' ) ' E . (A1)
We now c a l c u l a t e  th e  c o n t r i b u t i o n s  t o  a r i s i n g  from each o f
th e  t h r e e  te rm s i n  (A 1 ) .
F i r s t l y ,
-  E " * R (R " * ) 'E  = -  R ( R " ' ) '  = R 'R " '
= 0 0 0
\
0 1 1/3 0
\
0
3 ' - 3 ’ 0 0
4
1 -1/3 0 0
0 0 0 0 0 0 1 - 1 / 3
. 0 0 - 3 ’ 0 0 1 1/3,
= d i a g ( 0 , 3 ' / B , 0 , 3 ' / B ) . (A2)
N e x t ,
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'RD ‘ D ' R ' E  = -  f
1 0 o"
3 - 3 0 0
0 0 1 1
.0 0 - 3 6.
i l  d l d l l
1, ’ d2 ’ d , d j
1 / 3 0 0 ''
- 1 / 3 0 0
0 1 - 1 / 3
0 1 1 / 3 ,
where
11
1 2
ru, u 011 1 2
u u 02 1 11
0 0 u11
< 0 0 -u 2 1
1 ( d i d ; ) ' 1
2 did ; -  4
1 2
11
( n + n - ) ' (cV)'
4* —n n 4- -c c
1  [p  i(n~^ + n ) ] ' 
^ p i ( n ^  4- n )
1 \AL d l l 1 (n*^) ' (n ) '  (c*^) ' ( c " ) '
23 d i dz ■ 4 3 ----------------------- + ----------4" 4“n n c c
(A3)
and we have used e x p re s s io n s  (4 .2 2 )  f o r  th e  e lem en ts  o f  D. 
C a l c u la t io n  o f  th e  f i n a l  te rm  i n  (A1) i s  s t r a i g h t f o r w a r d  bu t te d io u s ,  
I t  i s  c o n v e n ie n t  t o  e v a lu a te  t h i s  m a t r i x  p ro d u c t  i n  s ta g e s .
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F i r s t l y
'1 1 0 o'
3 - 3 0 0
0 0 1 1
.0 0 - 3
d i a g ( d i  \ d i 2 \ d /  , d 2
1
2636(0 - c  )
' E 3B c - 63c / n ^ e sB /n '- '
-636 -f-- c e s c V n ’ -E sB /n
638 c E 3 c " /n ^ -E 38 /n+
^-638 +- c - E a c V n ' E sB /n " ,
where we have in t r o d u c e d  th e  n o t a t i o n
B = iPzn,,
i . e ,
R C r 'M " ' 1
2638(0 - c )
^ 1 2 a 1 3 a 1 4
8 2 1 ® 2 2 3 2 3 3 : 4
3 l l 3 i 2 - a  , 3 " 3 j 4
" ® 2 I - 3 , 2 3 2 3 3 2 4 ^
where
j  - 6 3 8 1 1
t 3 = dz "  n+ d^
a- 3 -  - E 36 n "  dz n+ d i
1 2
+c c
d 1 d
» 9 , ,  -  £ 3631—T—;— +n+ d ,  n -  dz (A4)
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A l s o ,
M ' D R -1
I . e .  I
w h e r e
G 3 B —G 3 B
n " B
4* 4-n  c n  c
M'DR
c
-E3B
-n^B
n + c +
d  j ( c  )  ' 4- d j  ( c  )  ' , 
- ( G 3 B ) ' ( d j  + d z ) ,
c
- G3 B  
- n  B 
- n  c
X d i a g ( d i , d z , d i , d z )
1 /6 0 0 "
1 - 1 / 3 0 0
0 0 1 - 1 / 3
.0 0 1 1 /3 ,
" b i i b , 2 b j i - b  | 2
1 1= 2
b 2 i b j  2 b 21 “ b a a
b 3 i b s  2 - b s i b s  2
^b4 1 b 4  2 - b 4 J b 4  2 >
d i ( c  ) '  -  dzCc )
3
( G 3 B )  ' ( d i - d z )
' 2 2
( n + B ) ' d ,  +  ( n - B ) ' d a ,  b , ,  = ( n  B ) ' d ,  -  ( n  B ) ' d a
(nV)'d, = (n-c-)'da, b„ + (nV)'d. - (rrc-)'d.
(A5)
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Then u s in g  (A4) and (A 5 ) ,
-  E " ‘ (R D "^ M " ') (M 'D R " ')E  = d i a g ( e " ‘^ “ ‘^ ^ ,
" 4e 3B(c * - c -) '"lj)4x4(bij)4x4
X  d i a g ( e / o d ( _  / a d Ç _  ^ - / a d Ç ^  ^ - / a d Ç ,
•1
4 6 3 8 ( 0  -  C )
Cl 1 + Cj 1 
Cl 2 + Cj 2
Cl 1 - C 21 
C2 2 “ Cl 2
C3 1 + C4 1 
C3 2 + C 42
C3 1 - C 41 
C 4 2 -  C 3 2
C 1 1 ”  C 2 1 
C 1 2 -  C 2 2
/2ad5
c 4 1 “  c 3 1 
c 4 2 -  c 3 2
l2adS
C i l  + c 2 1 - ( C 314- C 41)
- ( C 12+ C 22) C32 + C 42
where
C,1 -  C l  1b 11 4- C 1 2b 2 1 » C 12 -  c 2 lb 1 1 4- C 2 2b 2 1
C2 1 -  813^31 4 C1 4b 4 I  » c 2 2 -  3 2 3b 3 1 4 3a 4 b4 1
C 3 I -  Cl 1b 1 2 + c 1 2b 2 2 1 c 3 2 =  3a 1 b i 2 4 3 a ab 2 a
C4 1 -  3 i  3b3 2 -t- a 1 4b 4 2, C 4 2 = 8 2 3  bs 2 4 3a 4 b4 2
(A6)
We now s u b s t i t u t e  (A4) and (A5) i n t o  (A6) t o  c a l c u la t e  i n  p a i r s  
th e  8 q u a n t i t i e s
*"11 - C 211 c 1 2 ± c 2 2 1 c 3 1 ± c 41, c 3 2 * c 4 2"
Hence,
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-1
4£3B(c^  - c )
(c , , ± c 2 1 ) =
-1
4 e 36(0 - c  )
£36 1 1dU "  d % j |d , c  +d2C 1 -  ( e 3 B ) ' ( d , + d 2 ) [ ^ Cdz
£3
n d? n d ly
+ G38
dj n dz.
n'*'B) 'd j  + (n B) 'd g j
'd j  + ( n ~ c ~ ) 'd 2
-1
£ 36( 0+ - c " )
£ 3 8  ( c - c  ) '  -  - t - c
+ ( e s 'B  + e 3B ' ) | c +  - c "  + ^  ^  c ’ j
±
+
+ -f- C
-  c + d ,
4- £38 ( c + - c ‘ ) c + '  I ! l ^ +  c - '  i î l ÿ  
n ‘  n+ y
+ £36 ■h n c -  n -  -  c ^  ^  + J X -  T-f — Nr- d2 d jn n
Note t h a t  the  sco red  th ro u g h  te rm s  sum to  z e ro .
(A7)
I . e . i c , i )  _
4 £ 3 B ( c  - c  )
4£ 3B(c -  c )
- ^ c + ' 1 ±
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1 ± ,  (c+  _ c - )  ( T L B : ) :
n n
+ c ;B ( C + - C - )  + ^  c-^ -  ^  c ' d 2 d I
+ E3B' S ( c + - c - )  + d 1 +
+
1 ± d i 1 ±
(A7)
where th e  n o t a t i o n  p i n d i c a t e s  a f a c t o r  o f  two o r  z e ro ,  e f f e c t i v e  when 
(A7) i s  e v a lu a te d  f o r  th e  p lu s  o r  th e  minus s ig n  r e s p e c t i v e l y .  U s ing  
th e  f o l l o w in g  i d e n t i t i e s
ÉL.ds n^c^
c -  c
4- -c c
p , ( n +  + n - ) ( n + - n " )  
£ 38* = -£3p2n",
( c ^  + c ) ' ( c ^ - c  ) -  ( c ^  + c ) ( c ^  -  c ) (A8 )
i t  i s  a s t r a i g h t f o r w a r d  m a t te r  t o  show from  (A7) t h a t
(c i  1 + C21 ) _ _ ( n~^ n ) ' _ (c ^ c  ) ' [p i ( n ' * '  + n ) ]
2p^ (n"^ + n “ )4036(0 - c  ) 4n^n 4 c+ c "
1
8 (n ’^ n“ c c
(n ^  + n ) ‘ ( c ^  + c ) + (n ^  + n ) ( c ^  + c )P1
-  (n+  + n - ) ( c +  + c - ) '  -  ..-M pj j . ' .
p J ( n”^  + n )
(A9)
where A = (n~^ -  n ) ' 
( n + - n " )
(n '* '+ n~) ( c ^  + c )~L----
4 (n + n 'c + c -y «
- 1 0 0 -
The b e h a v io u r  o f  A near a c o n f lu e n c e  o f  th e  r o o ts  n and n i s  n o t  
im m e d ia te ly  c l e a r .  However, we can show t h a t  th e  [ ] te rm  goes to  
ze ro  l i k e  ( n ^ - n  i n  w h ich  case A has a ( 3 ^ ) ’ dependence.
We have t h a t
( n V c V ) ^  -  ' ( c "  + c - )  = -  i ( ( n " c " ) ?  -  ( r T c ' ) ? )(n *  + rT )  , + +  +«
a ( n V ) ^  -  ( n V ) h
+  +  -  -n c -  n c 1----------------
(n+c+ )?  + ( n - c - ) f
n^c -  n c^
(n ^c  )2 + (n c ^ l ^
P i ( ( n ^ ) ^  + (n  ) ^ + n ^ n  > - £ 3
2 +  -  P in  n +  £ 3
2“
( n + c + ) *  + ( n - c - ) ? , ( n + c - ) L ( n - c + ) t
Hence,
(3=)
2 (n ^n  c^c
p, ((n*^) + (n  ) ^ + n ’*’n ) -  £3----------------------------  J------------
( n + c + ) :  + ( n - c - ) ?
+
2’
P in ^n  +£3
(n ’ ’^c " ) ^  + ( n " c ^ )
(A10)
The m inus s ig n  i n  (A7) y i e l d s
_ ( Cj 1 - C 21) _  2J_____
4£3B(c^ - C  ) 4£3B(c'’" -  c " )
£38
(n^n  c ^V O ^
r  ( c ^ c " ) '  -  ( c + - c T )
+  -  n n
+ £ ^B
+ 2s 3B
-  n ) + - -C2x _   c c
_ ( n' '^n ) ' £&
4 n+n" 4 £ 3 ( A I D
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Next
d i c
4 c 3 B ( c ^ - c  ) 4 E 3 B ( c ^ - c
( n  c  ) ' d
(n "B )
( E 3 B '  4- e & B )  c  +  c
/ + — ( c  +  c
+ n+ c 4- c
4- c
4esB ( c^ - c ) 4 £ bB (c^ - c )
c “ )
1 0 2 -
-  GAB + — d |  + d 2C + C  + - r i - C  4- - T ^  C ds d I
-  G3B'
/  \
1 ± 1 ±
(A12)
Tak ing  th e  p lu s  s ig n  i n  (A12) we o b t a in
(ci 2 4- C22 )
4 g 3 B ( c  - c  )  4 e s B ( c ’^ - c ~ )
G3B + + C - ) ,2 (c ( n^n ' ^
n+ ' n " '
n^  n
-  GAB
-  GsB'
( C +  +  C - )
(n n c c ^ " ^  
2 (c +  + c - )  + "  \  c t
(n^n  ^
k '  " ‘ 1 3 f  + ’c
_ Ac
-f- — 4 4-I n  n J Lc c J
(A13)
w h i le  th e  minus s ig n  i n  (A12) y i e l d s  
(c i  2 - C 2 2 ) -3
4 g 3 B ( c ^ - c  ) 4 g 3 B ( c ' ' * - c )
G3B / 4- — * — 4- ' \( c  c -  c c ) ( n + - n " )
( n * n V c “ )^
+ (n+n-' - n V ')  ' C '4~ —n n
GAB + c + (n ^  4- n )
r  4- -'Ic c
-f- —
f
tn n J
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Upon use o f the id e n t i t ie s  (A8 ) th is  becomes
_ (c i  2 - C 2 2 )
4 e 3 B ( c ^ - c  )
+ — / + — \ c + c + ( n + n ) c+c"
n n
(3 * ) ' £3
(n^n  c^c  EsPiCn'^ + n " )
13^
(n + n -c + c - )7
(c+ + c ' ) '  -  ( c *  +  c " )  I ëjIG —t IL l lL
P i ( n  + n )
(n+ + n ')
(A14)
A lso ,
(ca t + C4 J )
(n  B ) ' d i  -  (n B ) 'd
4036(0 -  c )
4eaB3(c - c  )
+ £36
\H-c C
d 1 dz<
( n ^ c ^ l ' d 1 -  (n  c ~ ) ’ d;
4e‘ 3B3 (c  -  c )
-  (ea'B + E3B' ) + c" -  C-" -  c‘ l
G3B -c -  :L _  _ c+ n__ + >n O _  d i + &
n+ n ’  ^
+ e jB ' .c -  -  + C-" ^  + c -  s i  i
n -  n+ d .
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4- E s B
4- E3B
4-
(C^ 4- C ) ’ -  —  4^----CU 2 ' IL .  A .  n+
4- n -  nc ------  4- c — -  c
4-' ,n d, -  c n ^s i d 1
I . e .
(C31 ± C41 ) 
4 E 3 B 3 ( c ^ - c  )
-  -1
4 E 3 B g (c ^ - c ” )
E3B : ( c + + c - ) '  _ c+ ' 1 4
1 + ± ( c + - c " )
4-'n n
n n
c+ + c "  -  C-" -  c 'dz d i
4- E 3 B ’ - = ( c +  +  c - )  +  c +
4^
1 ± —
f  A
_ n J I n J
(A15)
Tak ing  th e  p lu s  s ig n  i n  (A15) we o b t a i n ,  upon use o f  (A8)
(C31 4-C 41 ) 1
_ A
n 1 '^4-' -  c c
4e 3B3(c’^ - c ) 46 n " . 46 + — I c  c J
(A16)
w h i le  th e  minus s ig n  in  (A15) y i e l d s  
(Cgi ~ E4 1 ) _  1 ____
4 G 3 B 3 ( c ^ - c " )  4E3B3( c ’  ^ -  c " )
E3B ( c + ' c ' - c + c " ' )  ^
-  ( C + - C - )
( n 4 ' c  c ")^
A
n n
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-  eàB + c -  (n ^  + n )
/  . > -, \+  — 2c  c
“h “•
I n  n  J
i
1
(n + n -c + c " )?
(c +  +  c " ) '  -  (c+  + cT) + "  ) ] '
P .(n-^ + n - )
(n+  + r T )  
n + n '
+ — / + — \C +  c  -  (n + n )
+ -  c c
+  — n n
£3
(n'*’ -  n G3p i ( n ^  + n )
( n + - n - )
2 ( n ^ - n  ) (n^n  c 4 ~ ) ^
However
(A17)
( c "  + c - ) ( n " n - ) ?  -  (n-" + n ~ ) ( c V )
( c + n - ) :  -  ( c - n + ) ^ (c+n+)&  -  ( c - n " ) ?
_ _ - \ 2  (P iH ^n  + £ 3 ) ( p i ( ( n ^ ) 2  + (n )^+ n '* 'n  Ï - G a )-  \\\ -  n ; — T : r  : : i  i ------+  +>
80 t h a t  (A17) becomes
c 3 1 - C 4 1
4g 3B6(c^ - c ) 
1
( n^n c 4  ) ^
(c+  + c - ) '  -  (c +  + ) [ p , ( n + 4 . n - ) ]
P i ( n  + n )
(n+ + n " ) '
+  -  n n
i  (PiO+n + G3 ) [ p  i (  (n+ )   ^ + (n  ) ^ + n + n  ) - G 3] 
2 7 n V ) ^  [ ( n “ c + )^  + ( n + c ) 4 ] [ ( n + c + ) *  +
(6=) '£ 3
Gsp, (n+ + n ) (n ^n  c^c  )
(A18)
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F i n a l l y
( n e  ) 'd
4e3B(c - c  ) 4e3B(c - c  )
( n + B ) 'd i  -  (n B ) 'd
107-
± G3 B ( C + - C - )  -  ^  ^  cd 2 d;
J ( c - - c - ) 1' d 2 — _ >+ 3 7 = : In J+  E3B'
T ak ing  th e  p lu s  s ig n  i n  (A19) we o b t a in
(C42 + C32) _ (n^n ) '  (c^c ) '  [pi(n'^ + n ) ]
4638( 0 ^ - 0  ) 4n^n 4 c ^ c ”  2 p i ( n ^  + n )
1 ( n + - n - ) '  _ ( n "  + r T )  ( c ~ c "  -  c ' c "  )
^ ( n + - r T )  4 ( n + n - c + c - ) ?  ( c + - c " )
4 p i ( n  + n ) (n  n ” c c )
t 2 2
8 (n ^n  c ^ c ” )^
% (A19)
(n+  + n " ) ( c +  + c " ) '  -  (n+  + n " ) ' ( c +  + c " )
_p 1 ( n + n )
PjL (n ^  4- n ) ( + c )
( n + - n " ) 1 + (n"^ + n ) ( c ^  + c )
4 ( n + n - c + c - ) :2 ( n " - n - )
w h i le  th e  minus s ig n  i n  (A19) y i e l d s
(A20)
(C43 -  C32 ) _ (n ^n  ) ’ , S3
4638(0 -  c ) 4n n 4g;
(A21)
We now use (A 2 ) ,  (A3) and (A6) t o  c a l c u l a t e  th e  t o t a l  c o u p l in g  m a t r i x  
From (A 3 ) ,  (A 6 ) ,  (A9) and (A10) we have,
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t i  1 = t33  = Ui ( c i  1 + C21 ) 
4G3B (c ^  -  c"*)
1
8 (n + n -c + c - )
(n'^ + n ) ' ( c * ^  + c ) + ~  (n '* '+ n " )  ( c ^  + c~)P1
-  (n+  + n - ) ( c +  + c " ) '
P i ( n ^ -
P i ( ( n ^ )   ^ + (n  )  ^ + n \ " )  -  Eg( g : ) '
4 (n ^ n  c^c  ) ^
 + n " )  
\  2
( n ^ c ^ ) 2 + (n c~ )^
Pi n n + e 3
T
( n + c - ) :  + ( n - c ^ )
(A22)
There i s  no c o n t r i b u t i o n  from  (A2) and (A3) to  t i 3 , and so (A11) y i e l d s
t , 3 = k%i  = - ( Cl 1 ~ Cg 1 ) /2otdÇ _ 
4 E 3 B ( c ^ - c " )  ^
( n + n - ) '  e ; - l2 a d C
From (A 3 ) ,  (A6 ) and (A13) we o b t a in
'2 1 t43 = U21 -  ) = 0 .
(A23)
(A24)
4 e 3B(c  -  c~)
There i s  no c o n t r i b u t i o n  from  (A2) and (A3) t o  ta  3, and so (A6 ) y i e l d s
(A25)
4E3B(c - c  )
where t h i s  q u a n t i t y  i s  g iv e n  by (A 1 4 ) .  
From (A 3 ) ,  (A6 ) and (A16) we have
t i  2 -  - t a  4 -  Ui 2 ( c a 1 + C41) 
4E3B (c ^  -  c )
= 0 (A26)
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w h i le
f  -  f *  _ C31 - C 41 - /2adÇ^ 4  -  C
4 e 3B(c -  c )
where th e  a p p r o p r ia te  q u a n t i t y  i s  d e f in e d  by (A 1 7 ) .
F i n a l l y ,  we have from  (A 2 ) ,  (A 3 ) ,  (A 6 ) ,  (A ID ) and (A20)
(A27)
12 2 -  14 4 = u 2 2 + 3 ' (C3 2 + C 4 2 )
4 e 3 B ( c  ~ c  )
8 (n ^n  c ^ c " )2
o I 2 22£3p2n„
Pi (n*^ + n “ )
H- (n ^  + n ) ( c ^  + c ) (n ^  + n ) ' ( c ^  + c )
Pi
P i( (n '* ’ ) ’ + (n ” ) ' + n^n ) -  £3
2 '' + -  p in  n + £3
2~
4 (n + n " c -c + )? ( n V ) * + ( n ' c “ ) * ^(n"^c )2 + (n c ^ ) ^
(A28)
Comparing (A22) and (A28) we f i n d  t h a t
ta 2 = - t 11.
A ls o ,  from  (A21)
t24 = t j . ( C 4 2  -  C 3  2 )  g - / 2 a d Ç
4 g 3 B ( c  -  c  )
£ 3. (n~^n~) '
G3 4“ —n n
-/2adC (A29)
and in s p e c t io n  o f  (A23) shows t h a t
1 2 4 “  13
- 1 1 0 -
E q u a t io n s  (A 2 2 ) - (A 2 9 )  a re  i n  agreement w i t h  th e  e x p re s s io n s  f o r  
th e  c o u p l in g  m a t r ix  g iv e n  by ( 4 . 2 4 ) .  The d e r i v a t i o n  i s  now com ple ted ,
- 1 1 1
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